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ABSTRACT
A m ath em atica l s t r a t ig r a p h ic  model was d e v ise d  which d e sc r ib e s  
th e  r e l a t io n s h ip s  o f s e v e ra l  l i t h o l o g i c  ty p e s  in  th e  7 5 0 -fo o t su c ­
c e s s io n  o f  low er P ennsy lvan ian  s t r a t a  o f w es te rn  M aryland. D e sc rip -
i
t io n s  o f co re s  made by th e  U nited  S ta te s  Bureau o f Mines (Toenges, 
W illiam s, et_ a l . , 1952) in  th e  v i c i n i t y  o f  G r a n ts v i l l e  p ro v id ed  th e  
d a ta  f o r  th e  s tu d y .
K ru sk a l-W allis  and c h i-sq u a re  t e s t s  were u se d  to  examine s t r a t i ­
g ra p h ic  v a r i a t io n  w ith in  th e  e n t i r e  sequence and g eo g rap h ic  v a r ia t io n  
o f  th e  th re e  s t r a t i g r a p h ic  s u b d iv is io n s  w ith  r e s p e c t  to  what s o r t  of 
ro ck  l i e s  above an o th e r ( t r a n s i t i o n s )  and th ic k n e s s  o f in d iv id u a l  b ed s . 
These t e s t s  in d ic a te d  th a t  th e re  i s  no s i g n i f i c a n t  v a r i a t io n  in  th e  
upper two u n i t s ,  b u t in  th e  low er one th e  r e l a t i v e  f re q u e n c ie s  w ith in  
th e  in te rb e d d e d  e l a s t i c s  ( th in -b ed d ed  sa n d s to n e  and s i l t s t o n e )  to  
o th e r  ro ck  ty p es  and c lay  to  o th e r  ro ck  ty p es  in  th e  n o r th  were d i f ­
f e r e n t  from  th o se  in  th e  so u th . The K ru sk a l-W a llis  t e s t s  f o r  d i f f e r ­
ences w ith  re s p e c t  to  th ic k n e ss  showed t h a t  a t  th e  .01  s ig n if ic a n c e  
le v e l  a l l  of th e  v a r i a t io n  was due to  an  in c r e a s e  in  th ic k n e ss  o f 
c la y  and s h a le  beds upward th rough  th e  s u c c e s s io n .
A p r o b a b i l i s t i c  model was th en  assem bled w hich  would d e sc r ib e  
th e  v e r t i c a l  r e la t io n s h ip s  o f th e  s ix  l i t h o l o g i c  ty p e s  and r e f l e c t  
th e s e  dem onstra ted  s t r a t ig r a p h ic  and g eo g rap h ic  d i f f e r e n c e s .  The 
dependence of a  b e d 's  l i th o lo g y  on th e  p re c e d in g  l i t h i c  type  was 
shown by c h i- sq u a re  goodness o f  f i t  t e s t s ,a n d  a d d i t io n a l  c h i-sq u a re  
t e s t s  showed th a t  th e  only  t r a n s i t i o n s  w hich w ere  dependent upon 
p reced in g  t r a n s i t i o n s  were th o se  from  s h a le  to  o th e r s  and s i l t  to
This model was then  compared w ith  two m odels w hich had p re v io u s ly  
been used to  d e s c r ib e  th e se  s t r a t a .  I t  was shown t h a t  a lth o u g h  th e  
p r o b a b i l i s t i c  model ag reed  in  g e n e ra l w ith  b o th  th e  cyclo them  model 
and th e  d e l t a i c  model i t  p ro v id e s  more s p e c i f i c  in fo rm a tio n  th an  th e  
o th e r  two.
A p o s s ib le  a p p l ic a t io n  o f th e  p r o b a b i l i s t i c  model was proposed  
in  a d r i l l i n g  d e c is io n  problem  in  which th e  p r o b a b i l i t y  o f  s t r i k i n g  a 
t a r g e t  o f  s p e c i f ie d  l i t h o l o g i c  type and th ic k n e s s  was c a lc u la te d .
1INTRODUCTION
A m ath em atica l s t r a t i g r a p h ic  model i s  a  d e s c r ip t io n  o f ro ck  
p r o p e r t ie s  and r e l a t io n s h ip s  in  m ath em atica l term s w hich may be 
d e te r m in i s t i c  6 r  p r o b a b i l i s t i c .  Beds in  a v e r t i c a l  s e c t io n  a re  con­
t r o l l e d  by d e p o s i t io n a l  p ro c e sse s  which a re  p ro b a b ly  n o t s t r i c t l y  
d e te r m in i s t i c ,  b u t even i f  th ey  a r e ,  th e  number o f v a r i a b le s  i s  so 
g r e a t  and t h e i r  in te r a c t io n s  so complex th a t  p r e c i s e  p r e d ic t io n s  
-b ased  on t h i s  s o r t  o f  model a re  p ro b ab ly  n o t f e a s i b l e .  - J h u s  th e  
- a l t e r n a t i v e ,  a  p r o b a b i l i s t i c  model', seems th e  m ost a p p l ic a b le .
A u s e f u l  p r o b a b i l i s t i c  model m ust be b ased  on a c tu a l  d a ta  and 
m ust accoun t f o r  v a r ia t io n s  in  l i t h i c  seq u en ces . I t  sh o u ld  be bo th  
a  d e s c r ip t iv e  and a  p r e d ic t iv e  to o l .  I f  i t  i s  to  be used  in  a  
d ec is io n -m ak in g  c a p a c i ty ,  i t  should  a ls o  r e a d i ly  g iv e  p r o b a b i l i t i e s  
a s s o c ia te d  w ith  i t s  answ ers r a th e r  th a n  b e in g  o n ly  a s im u la t io n  p ro ­
c e ss  .
The Markov model p roposed in  t h i s  p a p e r  s a t i s f i e s  th e  r e q u ir e ­
m ents o f a  p r o b a b i l i s t i c  m odel, i s  e a s i ly  a d a p ta b le  to  d a ta  from 
v e r t i c a l  m easured s e c t io n s ,  and does n o t demand in fe re n c e s  o f  l a t e r a l  
c o n t in u i ty .  A lthough Markov cha in s  have been  p roposed  a s  p r e d ic t iv e  
m odels in  s t r a t ig r a p h y  ( V is te l iu s  and F e y g e l’so n , 1965; V i s te l i u s  and 
F a a s , 1965; C arr e t  a l . , 1966; P o t te r  and B la k e ly , 1967, 1 9 6 8 ), such 
d e t a i l s  as  sam p lin g , a r e a l  d i s t r i b u t i o n  o f a  p a r t i c u l a r  m odel w ith in  
a  l i t h o l o g i c  u n i t ,  and d e te rm in a tio n  o f  th e  o rd e r  o f  th e  c h a in  have 
n o t been  p e r f e c te d .  F u rth erm o re , p r a c t i c a l  a p p l ic a t io n s  o f  th e  models 
have n o t been  su g g ested  ex cep t as  s im u la tio n  ex p e rim e n ts .
A n a ly t ic a l  methods developed in  t h i s  p ap e r a re  p ro p o sed  to  p a r­
t i a l l y  r e c t i f y  t h i s  s i t u a t i o n .  P en n sy lv an ian  ro ck s  in  w e s te rn  M aryland
have been cored as  p a r t  of a  s tu d y  of c lay  re so u rces  and p ro v id e  a  
la r g e  body of u n ifo rm ly  c o l le c te d  d a ta  to  which a  model s tu d y  o f t h i s  
ty p e  can be a p p lie d . The model developed i n  th is  paper g iv e s  p ro b a ­
b i l i t i e s  o f v e r t i c a l  sequences w ith  an in d ic a t io n  of l a t e r a l  v a r i a b i l i t y .  
S t a t i s t i c a l  t e s t s  a re  d ev ised  to  de term ine th e  a p p l i c a b i l i t y  o f  a  model 
to  a  s p e c i f i c  s t r a t i g r a p h ic  u n i t  o r geograph ic  a re a .  The model i s  then  
r e l a t e d  to  p rev io u s  models by means o f  a s e r ie s  o f s im u la te d  v e r t i c a l  
s e c t io n s  and a method i s  adap ted  from dynamic programming which u s e s  
th e  Markov ch a in  in  co n ju n c tio n  w ith  b e d -th ic k n e ss  d i s t r i b u t i o n s  in  
d e c is io n -m ak in g .
SAMPLING PROCEDURES
The Castlem an B asin  in  G a r re t t  County, M aryland, was s e le c te d  as 
th e  a re a  in  w hich to  a ttem p t c o n s tru c t io n  o f  a m ath em atica l m odel be­
cause  of th e  e x c e l le n t  d a ta  a v a i la b le .  Core h o le s  were d r i l l e d  on a 
o n e -h a lf -m ile  sp ac in g  in  th e  n o r th  p a r t  o f the  a re a  and on a o n e-m ile  
sp a c in g  in  th e  so u th  (Toenges, W illiam s, eit a l . ,  1952) (s e e  F ig u re  1 ) .
The s t r a t i g r a p h ic  sequence p e n e tra te d  by th e se  co re s  e x te n d s  from 
th e  Harlem  c o a l o f th e  Conemaugh Form ation to  th e  Mauch Chunk Form ation  
o f M is s is s ip p ia n  ag e , b u t most co re s  ex tend  only through to  th e  Mt. 
Savage c o a l a t  th e  b a se  o f th e  A llegheny  Form ation (see  F ig u re  2 ) .
In  o rd e r  to  ach iev e  th e  m o s t 'p re c is e  m odel, th i s  sequence was d iv id e d  
in to  th re e  s t r a t i g r a p h ic  u n i t s  b ased  on rock  a t t r i b u t e s  in  t h i s  a re a  
r a t h e r  th a n  on c o n v e n tio n a l c l a s s i f i c a t i o n .  S ince th e  low erm ost 
P en n sy lv an ian  ro ck s  a re  ex trem ely  v a r i a b l e ,  both  l a t e r a l l y  and v e r t i ­
c a l l y ,  th e se  s t r a t a  were grouped in to  one s t r a t ig r a p h ic  u n i t  and 
d e s ig n a te d  th e  "Upper F re e p o rt U n i t ."  The top i s  th e  w id esp read  
Upper F re e p o rt co a l bed and th e  b a s e ,  th e  red  sh a le  o f th e  Mauch
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T ig u re  1. In d ex  map showing P ennsy lvan ian  ou tcro p  In  shaded a re a .
U n its  In c lu d ed  
in  S tudy:
HARLEM UNIT 
(2 5 0 ')
BRUSH CREEK 
UNIT 
(100')
UPPER FREEPORT 
UNIT 
(500*)
B arton  c o a l
Ames s h a le  (m arine)
Harlem c o a l 
P i t ts b u rg h  redbed 
S a ltsb u rg  san d sto n e  
Upper Bakerstow n co a l 
F r ie n d s v i l l e  s h a le  
Lower Bakerstow n c o a l 
Thomas c la y  
M eyersdale redbed  
Cambridge s h a le  (m arine) 
B u ffa lo  san d s to n e  
Brush Creek s h a le  (m arine)
C0NEMAUGH 
FORMATION 
(5 0 0 ')
Brush Creek co a l 
C o rin th  san d s to n e
Mahoning (re d b e d s , s a n d s to n e s , co a l)
Thornton c la y
Lower Mahoning san d s to n e
Upper F re e p o rt c o a l
Upper F re e p o r t  lim e s to n e
B o liv a r  c la y
Lower F re e p o r t  c o a l
F re e p o rt san d s to n e
Upper K itta n n in g  c o a l
Johnstow n lim e s to n e
M iddle K itta n n in g  c o a l group
Sandstone
Lower K itta n n in g  c o a l group 
Mt. Savage co a l g r o u p _______
ALLEGHENY 
FORMATION 
(3 0 0 ')
Homewood san d sto n e
M ercer c o a l group
Upper Connoquenessing san d sto n e
Quakertown c o a l group
Lower C onnoquenessing san d sto n e
Sharon c o a l  group
Sharon san d sto n e
POTTSVILLE
FORMATION
(200')
Mauch Chunk Form ation
F ig u re  2 . • S t r a t i g r a p h ic  nom en cla tu re  a p p lie d  to  P ennsy lvan ian  ro ck s  
o f w e s te rn  M aryland (a b b re v ia te d  from  Waage, 1950).
Chunk Form ation. The su c c e s s io n  above th e  Upper F re e p o rt c o a l i s  more 
un iform , can be more e a s i ly  c o r r e la t e d  from co re  to  c o re ,  and c o n ta in s  
red  and lim ey c lay s  and s i l t s t o n e s  b u t no m arine s h a le s .  This sequence 
ex tends from th e  Upper F re e p o rt c o a l  t o ,  and in c lu d in g ,  th e  Brush Creek 
co a l and i s  h e re  d e s ig n a te d  th e  "B rush Creek U n i t ."  The upperm ost u n i t  
which i s  s im ila r  to  th e  Brush C reek  U n it b u t c o n ta in s  m arine s h a le ,  
ex tends from th e  Brush Creek c o a l  upward to  in c lu d e  th e  Harlem c o a l a t
■the to p  and i s  h e r e a f te r  r e f e r r e d  to  a s  th e  Harlem U n it. The r e l a t i o n -
. sh ip  o f th e  s t r a t i g r a p h ic  u n i t s  t o  th e  c o n v e n tio n a l s t r a t i g r a p h i c  names
used in  th e  l o c a l i t y  a re  shown i n  F ig u re  2.
G eographic u n i t s  were chosen  a r b i t r a r i l y  so as to  a l l o t  ap p ro x i­
m ately  eq u a l amounts o f  d a ta  to  each  a re a  so as to  o b ta in  some m easure 
o f geograph ic  v a r i a t io n  w ith in  each  s t r a t i g r a p h ic  u n i t .
To c a te g o riz e  th e  d a ta  and in s u r e  th a t  a l l  d a ta  co u ld  be in c lu d ed  
in  c a te g o r ie s ,  a  s ta n d a rd  g e n e ra l iz e d  te rm in o lo g y  was needed f o r  l i t h o ­
lo g ic  d e s c r ip t io n s .  The names c o a l ,  c la y ,  s i l t ,  b la c k  s h a le ,  sand­
s to n e ,  and in te rb e d d ed  sa n d s to n e  and s i l t s t o n e *  a re  used  to  d e s c r ib e  
a l l  th e  l i t h i c  types p r e s e n t  a lth o u g h  in  th e  o r ig in a l  c o re  d e s c r ip t io n s  
a  much more e x te n s iv e  n o m en c la tu re  was u sed .
The in fo rm a tio n  a v a i la b le  in  co re  d a ta  c o n s is t s  o f  k in d  and 
th ic k n e ss  of rock seq u en ces.. S in c e  l a t e r a l  changes in  th e s e  sequences 
a re  b ased  on in fe re n c e  from  b a s ic  in fo rm a tio n  and o n - th e  ex p e rien ce  
o f th e  o p e ra to r ,  th e  model m ust b e  c o n s tru c te d  as much a s  p o s s ib le  
from th e  v e r t i c a l  sequences and th e n  expanded l a t e r a l l y ,  le a v in g  as
* H erea fte r  " in te rb e d d e d  sa n d s to n e  and s i l t s t o n e "  w i l l  be abbre­
v ia te d  to  " in te rb ed d e d  e l a s t i c s "  o r ,  in  th e  t a b l e s ,  " I .  C ." ,  and 
b la c k  s h a le  w i l l  be s im p ly  " s h a l e . "
l i t t l e  chance a s  p o s s ib le  f o r  o p e ra to r  v a r i a t i o n .  To t h i s  end p a i r s  
and t r i p l e t s  o f  rocks in  v e r t i c a l  sequences a lo n g  w ith  th ic k n e s s e s  o f 
beds were enum erated fo r  each s t r a t i g r a p h ic  and g eo g rap h ic  u n i t .
To reduce  to  a minimum any b ia s  in tro d u c e d  by c lu s te r in g  of c o re s , 
a sample was s e le c te d  on a  one-m ile  s p a c in g , th u s  u s in g  abou t one h a l f  
of th e  a v a i la b le  d a ta  in  th e  n o r th  p a r t  o f  th e  a re a  and n e a r ly  a l l  d a ta  
in  th e  so u th  (see  F ig u re  1)..
F ig u re  3 i l l u s t r a t e s  by means o f an exam ple how th e  d a ta  w ere 
a c tu a l ly  assem bled . In  t h i s  figu r.e  th e  p lo t t e d  s e c t io n  on th e  l e f t  
(A) i s  a g ra p h ic  p r e s e n ta t io n  o f d a ta  from  p a r t  o f  one co re  h o le  which 
in c lu d e s  a p a r t  of th e  Upper F re e p o rt U n it e x te n d in g  from below th e  M iddle 
K itta n n in g  c o a l to  th e  Upper K itta n n in g  c o a l .  The l i s t  (B) shows counts 
o f a l l  p a i r s  o r  upward t r a n s i t i o n s  o f c o a l to  o th e r  ro ck  ty p e s  which 
occu r in  t h i s  c o re ; thus th e  upward t r a n s i t i o n  from  c o a l to  s h a le  o ccu rred  
two tim e s , c o a l to  s i l t  once, e t c .  i n (C) th e s e  coun ts  a re  a rran g ed  in  
a row w ith  th e  u n d e rly in g  l i t h i c  type (c o a l)o n  th e  l e f t  and w ith  th e  
o v e r ly in g  ty p e  as th e  column h e a d in g s . A l l  o th e r  t r a n s i t i o n s  w ere 
counted in  th e  same manner and th e  r e s u l t s  w ere assem bled in  th e  "T a lly  
M atrix"  shown in  (D ). T r ip le t s  o f  l i t h i c  ty p e s ,  o r  tw o -s te p  t r a n s i ­
t i o n s ,  w ere a ls o  enum erated as shown in  (E) , w hich l i s t s  th e  f re q u e n c ie s  
o f c la y  to  c o a l  to  o th e r  l i t h i c  ty p e s ;  th u s  a  c la y  to  c o a l  to  i n t e r ­
bedded e l a s t i c s  t r a n s i t i o n  occurs one tim e . A f te r  cb u n tin g  a l l  
t r a n s i t i o n s  from  each rock  type to  c o a l to  th e  su cceed in g  ro ck  ty p e , 
th e  tw o -step  t r a n s i t i o n  t a l l y  m a tr ix  shown in  (F) was assem bled w ith  
th e  row h ead in g s  in d ic a t in g  th e  ro ck  ty p e  u n d e r ly in g  co a l, and th e  column 
h e a d in g s , th e  rock  type o v e r ly in g  c o a l .  S im ila r  t a l l y  m a tr ic e s  were 
th en  counted  and assem bled fo r  th e  o th e r  f iv e  l i t h i c  ty p e s .  T h ickness
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"Figure 3. D ata h a n d lin g  p rocedures- showing co u n ts  o f 
p a i r s  in  (B) and t r i p l e t s  in  (E) w hich a re  p r e s e n t  in  
m easured s e c t io n  (A ), and th e  arrangem ent o f th e s e  In  
m a tr ix  form In  (D) and ( F ) •
o f each bed was l i s t e d  as th e  t r a n s i t i o n s  w ere c o u n te d . Thus in  th e  
example in  F ig u re  3 c la y s  2 and 3 f e e t ,  th ic k  and in te rb e d d e d  e l a s t i c s  
1 6 .5 , 12, 3 .5 ,  and 5 f e e t  th ic k  were l i s t e d .
The above p ro ced u re  was fo llow ed  f o r  each  u n i t  in  each  co re  and 
th e  r e s u l t s  w ere summed f o r  each  of th e  th r e e  s t r a t i g r a p h i c  u n i t s  and
th e  two g eo g rap h ic  a r e a s .  The t o t a l  coun ts  f o r  each  u n i t  a re  p re se n te d
i
in  Appendix V and th ic k n e s s  frequency  d i s t r i b u t i o n s  a re  shown in  T able 9.
STATISTICAL TESTS
S ince th e  in fo rm a tio n  a v a i la b le  was d iv id e d  i n t o  a  la r g e  number 
o f  c a te g o r ie s ,  some o f  which c o n ta in  too  few o b s e rv a tio n s  to  be in c lu d e d  
in  th e  m odel, some d eg ree  o f  p o o lin g  was n e c e s s a ry . However, in  o rd e r  
to  m a in ta in  th e  p r e c i s io n  o f th e  m odel, i t  was h o t d e s i r a b le  to  p o o l 
o b s e rv a tio n s  fo r  c la s s e s  th a t  were s i g n i f i c a n t l y  d i f f e r e n t .  The f i r s t  
s e r i e s  of s t a t i s t i c a l  t e s t s  was designed  to  expose d i f f e r e n c e s  among 
th e  v a r io u s  u n i t s  so  th a t  d a ta  from l i k e  u n i t s  co u ld  be p o o led . T his 
p ro ced u re  a ls o  r e s u l t s  in  red u c in g  to  a minimum th e  number o f m odular 
components needed to  d e s c r ib e  th e  s t r a t ig r a p h y .
A c h i sq u a re  t e s t  was used to  compare a l l  u n i t s  w ith  r e s p e c t  to  
t r a n s i t i o n s  (se e  Appendix l a  f o r  co n tin g en cy  t a b l e s ) . R e s u lts  in  T able 1 
show th a t  th e  o n ly  g eo g rap h ic  d if f e r e n c e  o c cu rs  in  th e  Upper F re e p o rt 
U n it ,  th u s  a llo w in g  th e  n o r th  and sou th  a re a s  to  be  p o o led  in  b o th  
th e  Harlem and Brush Creek U n its .  Because in d iv id u a l  com parisons 
show th a t  th e  on ly  d if f e r e n c e s  between g eo g rap h ic  a r e a s  w ith in  th e  
Upper F re e p o rt U n it a re  in  th e  c la y  and in te rb e d d e d  e l a s t i c s  rows of 
th e  t a l l y  m a tr ix ,  th e  n o r th  and so u th  a re a s  may be p o o led  f o r  a l l  
o th e r  row s.
T e s ts  f o r  s t r a t i g r a p h ic  d if f e re n c e s  w ith  r e s p e c t  to  t r a n s i t i o n s  
w ere on ly  n e c e s sa ry  f o r  com paring th e  Brush Creek w ith , th e  Harlem U n it,
Table 1
T ests  f o r  D if fe re n c e s  Among U n its  w ith  R espect to  T r a n s i t io n s
Source 2X d. E.
T o ta l 185.47** 80
Harlem N orth v s .  South 14 .7 1 16
Brush Creek N orth  v s . South 21 .7 5 16
Upper F re e p o rt N o rth  v s . South 28 .27* 16
Coal ■* O thers N orth  v s .  South .47 1
Clay ->■ O thers  N orth  v s . South 11 .44** 2
S h ale  -> O thers  N orth  v s . South .0 8 2
S i l t  •* O th ers  N orth  v s .  South 2 .2 6 2
I .C .  -*• O thers  N orth  v s .  South 7 .4 4 * 2
Sand ->■ O th ers  N orth  v s .  South 1 .3 7 2
Bed T o ta ls  N orth  v s . South 5 .3 2 5
Harlem v s .  Brush Creek 31 .42* 16
C oal to  O thers .06 1
Clay to  O thers 17.94** 2
S h ale  to  O thers 2 .4 0 2
S i l t  to  O thers .1 8 2
I .C .  to  O thers 4 .1 7 2
. Sand to  O thers .50 2
Bed T o ta ls 6 .5 1 5
Upper F re e p o rt v s .  Harlem p lu s  Brush 
Creek
n o t n e c e s s a ry 16
* S ig n if ic a n t  a t  .05  le v e l
* * S ig n if le a n t  a t  .0 1  le v e l
as  th e  Upper F reep o rt U nit h as  a lre a d y  been  shown to  be d i f f e r e n t  in  terms 
o f g eo g rap h ic  h e te ro g e n e ity .  The Brush Creek and Harlem a r e ,  o f  c o u rse , 
d i f f e r e n t  on th e  b a s is  of th e  p re se n c e  o f  m arine s h a le s  in  th e  Harlem 
and absence  of th ese  s h a le s  in  th e  Brush C reek . However, because  th e se  
d i f f e r e n c e s  a re  those  o f  d e f i n i t i o n ,  in  th e  Brush Creek v e rsu s  Harlem 
t e s t s ,  m arine  and nonm arine s h a le  t r a n s i t i o n s  in  th e  Harlem  U n it were 
po o led  to  determ ine i f  th e  u n i t s  d i f f e r e d  in  any o th e r  r e s p e c t .  The
t e s t  showed th a t  th e  u n i ts  w ere d i f f e r e n t  a t  th e  .05 s ig n i f ic a n c e  l e v e l ,  
and in d iv id u a l  com parisons d e te rm in ed  th a t  th e  d i f f e r e n c e  was a s so c ia te d  
w ith  th e  c la y  row of th e  t a l l y  m a tr ix .  However, s in c e  ex trem e a d ju s t -  . 
m ents of th e  d a ta  would b e  n e c e s sa ry  to  p re se rv e  th e  p ro p e r  p ro p o rtio n s  
o f  t r a n s i t i o n s  o f o th e rs  to  m arine  s h a le  in  th e  Harlem U n it m a tr ix  and 
th e  Brush Creek to  Harlem m a tr ix ,  even th e  rows which w ere n o t s i g n i f i ­
c a n t ly  d i f f e r e n t  were n o t p o o le d .
A ll  u n i ts  were a ls o  compared w ith  r e s p e c t  to  th ic k n e s s  d i s t r i b u ­
t i o n s .  S in ce  th e se  a re  n o t norm al d i s t r i b u t i o n s ,  a  K ru sk a l-W a llis  
a n a ly s is  o f  v a ria n ce  by ran k s  ( S ie g e l ,  1956, pp . 184-193) was s e le c te d  
to  make th e  com parisons (see  Appendix lb  f o r  an example o f th e  c a lc u ­
l a t i o n s  and Appendix IV fo r  a  program  e s p e c ia l ly  p re p a re d  fo r  th e  IBM 
360 to  perfo rm  th e se  c a l c u l a t i o n s ) .  T ab le  2 shows th e  r e s u l t s  o f th e se  
t e s t s ,  in c lu d in g  r e s u l t s  o f in d iv id u a l  com parisons. In  t h i s  case  only  
d i f f e r e n c e s  which w ere s ig n i f i c a n t  a t  th e  .01  l e v e l  w ere c o n s id e red  
becau se  i t  was n e ce ssa ry  to  p o o l a s  many u n i t s  as p o s s ib le  to  o b ta in  
s u f f i c i e n t  o b se rv a tio n s  p e r  c a te g o ry  in  th e  freq u en cy  d i s t r i b u t i o n s .
The on ly  d if f e re n c e s  a t  th e  .01  s ig n i f ic a n c e  le v e l  w ere among s t r a t i -  
g ra p h ic  u n i t s  w ith in  c lay  and s h a le  th ic k n e s s  d i s t r i b u t i o n s .  The 
in d iv id u a l  com parisons show t h a t  i n  b o th  c a se s  th e  bed th ic k n e ss
Table 2
T e sts  f o r  D if fe re n c e s  Among U n its  With R espect to  T hickness
S ource H d . f .
Median
T hickness
Coal 7 .AO 5 1 .4 8
Clay 42.54** 6 .10
Harlem, N orth v s .  South 5 .0 0 1 8.67
Brush C reek , N orth  v s .  South .32 1 6.17
Upper F re e p o r t ,  N orth  v s .  South 1 .35 1 3 .93
Brush Creek v s .
Upper F re e p o rt 8 .34** 1
Harlem v s . Brush Creek
•*»
+ Upper F re e p o r t 30.13** 1
S hale 15.29** 5 5 .62
Harlem , N orth  v s .  South 2 .9 1 1 13.50
Brush C reek , N orth  v s .  South 1 .0 3 1 5 .12
Upper F re e p o r t ,  N orth  v s .  South 1 .3 4 1
Brush Creek v s .
Upper F re e p o r t .11 1
Harlem v s .
Brush Creek + Upper F re e p o r t 8 .64** 1
S i l t 12 .45 5 7.05
In te rb e d d e d  C la s t i c s 10 .73 5 . 10 .08
Sandstone 11.37 5 10.20
* * S ig n if ic a n t  a t  .0 1  l e v e l
in c re a s e s  upw ard. Thus th e  median th ic k n e s s  of c la y  in c re a s e s  from 
3.93 f e e t  in  th e  Upper F re ep o rt U n it to  8.67 f e e t  in  th e  H arlem ,and 
median s h a le  bed th ic k n e s s  in c re a s e s  from  5 .1 2  f e e t  in  th e  Brush Creek 
and Upper F re e p o r t  to  13 .50  f e e t  in  th e  Harlem U n it.
The re m a in in g  t e s t s ,  which a re  e x p la in e d  w ith  an example in  
Appendix I l a ,  a r e  concerned w ith  th e  n a tu re  o f th e  t r a n s i t i o n s  shown 
in  F ig u re  3 . I f  th e  l i t h i c  ty p es  w ere d i s t r ib u te d  a t  random in  th e  
v e r t i c a l  s e c t i o n ,  th e  on ly  p r e d ic t io n s  p o s s ib le  would be th o se  b ased  
on th e  t o t a l  num bers o f beds p r e s e n t .  I f  th e  beds a re  n o t a rra n g ed  a t  
random, i . e . ,  th e  t r a n s i t i o n  m a tr ix  i s  M arkovian (Krumbein, 1967), 
sequences may be p r e d ic te d  from th e  t r a n s i t i o n  p r o b a b i l i ty  m a tr ix .
The c h i - s q u a r e  g o o d n e s s - o f - f i t  t e s t  f o r  randomness i s  shown in  Appen­
d ix  I l a ,  and th e  r e s u l t i n g  c h i-sq u a re  v a lu e s  a re  shown in  T able 3. The 
s ig n i f i c a n t  c h i - s q u a re  v a lu e s  f o r  m ost rows show th a t  th e  o v e r ly in g  
rocks a r e  g e n e r a l ly  ■ n o t in d e p e n d e n tly  d i s t r ib u te d  b u t depend to  some 
e x te n t upon th e  u n d e r ly in g  rock  ty p e s ; th u s  th e  t r a n s i t i o n  p r o b a b i l i ­
t i e s  c a lc u la te d  from  th e  observed  d a ta  a re  s ig n i f i c a n t ly  d i f f e r e n t  from 
those  w hich w ould a r i s e  owing to  chance.
The o th e r  t e s t s  in  t h i s  s e r i e s  a re  t e s t s  o f  independence o f two 
su c c e ss iv e  t r a n s i t i o n s ,  i l l u s t r a t e d  i n  d e t a i l  in  Appendix l i b .  The 
r e s u l t s  o f  th e s e  t e s t s  (se e  T able 4) show th a t  t r a n s i t i o n s  a re  in d ep en ­
dent o f  one a n o th e r  ex c ep t fo r  th e  t r a n s i t i o n s  concern ing  s h a le  and 
s i l t  i n  th e  Upper F re e p o rt U n it. I n d iv id u a l  com parisons show th a t  
t r a n s i t i o n  p r o b a b i l i t i e s  from s h a le  to  o th e r  l i t h i c  ty p es  a r e  d i f f e r e n t  
i f  th e  s h a le  i s  p reced ed  by a c o a l  o r  c lay  than  i f  i t  were p reced ed  by 
s i l t ,  in te rb e d d e d  e l a s t i c s ,  or san d . S im ila r ly ,  p r o b a b i l i t i e s  o f 
t r a n s i t i o n  from  s i l t  to  o th e r  l i t h i c .  ty p es  i s  d i f f e r e n t  i f  th e  s i l t  i s
Table 3
R e su lts  o f  T e s ts  f o r  Randomness by Rows
Harlem U n it Brush Creek U nit Upper F re e p o r t  U n it
Source
2
X d . f .
2
X d . f .
N orth
2
X
South
2
X d . f .
Coal 73.40** 5 57.66** 4 15.89** 22.70** 4
Clay 41.70** 5 4.26 4 25.05** 54.05** 4
S h ale 3 .96 5 9 .81*  ' 4 17 .31** 13.19* 4 .
S i l t 18.59** 5 9.84* 4 16.23** 10.28* - 4
I .C . 35.41** 5 8.24 4 8 .67 11.81* 4
Sand 8 .51 5 3 .51 . 4 16 .77** 25.54** 4
M arine
S h ale 19.57** 5
* S ig n i f le a n t  a t  .05 l e v e l
* * S ig n if ic a n t  a t  .0 1  le v e l
Table 4
R e su lts  o f T e s ts  f o r  Independence o f Two S u ccess iv e  T ra n s i t io n s
' Source X2 d . f .
Clay 7 .33 3
Harlem S i l t 7 .02 4
I .C . .96 2
Clay 2 .50 1
Brush S i l t 1 .07 1Creek
■ i . e . 6 .77 3
Coal .. 8 .88 12
Clay 3 .4 1 4
Upper S hale 8 .20*
(1)
3F re e p o rt
S i l t 27 .37** 9
I .C . 1 .6 1 4
Sand 3 .06 4
(1) See Appendix l i b  f o r  in d iv id u a l  com parisons.
* S ig n if ic a n t  a t  .05 l e v e l  
* * S ig n if ic a n t  a t  .01  l e v e l
preceded  by c o a l ,  c la y ,  o r  s h a le  th an  i f  I t  I s  p receded  by In te rb ed d ed  
e l a s t i c s  o r san d . T h e re fo re ,  th e  m a tr ic e s  f o r  th e  Upper F re e p o rt U n it 
a re  a t  l e a s t  s e c o n d -o rd e r  Markov c h a in s  w ith  r e s p e c t  to  s h a le  and s i l t  . 
( P a t t i s o n ,  1965, a p p l ie s  up to  s ix th - o r d e r  c h a in s  to  r a i n f a l l  d a ta ) .
The p r o b a b i l i ty  o f  a  c o a l  su cceed in g  a s i l t  w hich was preceded  by a c o a l ,  
c la y ,  o r s h a le  i s  .1 3 7 , w hereas th e  p r o b a b i l i ty  o f  a  co a l su cceed in g  a 
s i l t  p receded by an in te rb e d d e d  c l a s t i c  o r  sand  i s  .318. S ince th e s e  
t e s t s  r e q u ire  such  a  l a r g e  amount o f d a ta ,  t e s t s  f o r  a l l  rock  ty p e s  in  
a l l  u n i t s  w ere n o t p o s s ib le  and te .s ts  f o r  o rd e rs  h ig h e r  th an  two cou ld  
n o t be perfo rm ed . I t  was a ls o  n e c e s sa ry  in  m ost cases  to  combine s e v e r a l  
a d ja c e n t c a te g o r ie s  i n  th e  co n tin g en cy  t a b l e s  to  o b ta in  s u f f i c i e n t l y  
la r g e  expected  v a lu e s  p e r  c e l l  (C ochran , 19 5 2 ). A ll  of th e s e  m o d ified  
ta b le s  a re  shown i n  Appendix l i b .
MODEL CONSTRUCTION
The model o f v e r t i c a l  s u c c e ss io n  must ag re e  as n e a r ly  as p o s s ib le  
w ith  th e  s t r a t i g r a p h i c  u n i t  to  which i t  i s  a p p l ie d .  Because some t e s t s  
f o r  d i f f e r e n c e s  among b o th  s t r a t i g r a p h ic  and g eo g rap h ic  u n i t s  w ith  
r e s p e c t  to  t r a n s i t i o n s  and bed th ic k n e s s  a r e  s i g n i f i c a n t ,  s e p a ra te  
models a re  n e c e s sa ry  f o r  each  o f th e s e  d i f f e r e n t  u n i t s .
The o v e r a l l  t r a n s i t i o n  m a tr ix  w i l l  have th e  g e n e ra l form shown 
in  F ig u re  4 f o r  b o th  n o r th  and so u th . In  t h i s  f ig u r e  th e  A, E, and I  
su b m atrices  c o rre sp o n d  to  th e  u s u a l t r a n s i t i o n  m a tr ic e s  (Howard, 1960; 
C a rr , e t  a l . , 1966; Krum bein, 1 9 6 7 ), w hereas th e  su b m atrices  B and F 
show th e  t r a n s i t i o n s  w hich in v o lv e  a  change from one s t r a t i g r a p h ic  u n i t  
to  an o th e r  a lo n g  w ith  th e  t r a n s i t i o n  from  one ro ck  type to  a n o th e r . The 
n o r th  and so u th  d i f f e r  o n ly  w ith  r e s p e c t  to  th e  c la y  and in te rb e d d e d  
e l a s t i c s  rows of th e  Upper F re e p o rt o r  A su b m atrix  and th e  in te rb e d d e d
GENERAL MATRIX
Upper F re e p o rt Brush Creek Harlem
Upper F re e p o r t A B C
B rush Creek ii E F
H arlem G H I
F ig u re  4. G en era l form of t r a n s i t i o n  m a tr ix  showing t r a n s i t i o n s  among 
s t r a t i g r a p h i c  u n i t s .
e l a s t i c s  row o f th e  Upper F re e p o r t  to  Brush Creek o r  B su b m a tr ix .
The A su b m atrix  d i f f e r s  from th e  t a l l y  m a tr ix  i l l u s t r a t e d  in  
F ig u re  3 i n  t h a t  th e  s h a le  row and column have been  f u r t h e r  d iv id e d  
in to  s h a le  p reced ed  by c la y  o r  c o a l and s h a le  p reced ed  by s i l t ,  i n t e r ­
bedded e l a s t i c s ,  o r  s a n d s to n e ; th e  s i l t  row and column h av e  a ls o  been 
d iv id e d  i n t o  s i l t  p reced ed  by c o a l ,  c la y ,  o r  s h a le  and s i l t  p receded  
by in te rb e d d e d  e l a s t i c s  o r sa n d s to n e . These changes w ere n e c e s sa ry  
b e ca u se  th e  t e s t s  f o r  independence o f su c c e ss iv e  t r a n s i t i o n s  showed 
th a t  th e  l i t h i c  ty p es  su cceed in g  s h a le  and s i l t  w ere d e te rm in ed  a t  
l e a s t  to  some e x te n t  by th e  ty p es  p reced in g  th e se  two ty p e s .  S ince 
in d iv id u a l  com parisons shown in  T able  1 in d ic a te  t h a t  th e  o n ly  d i f ­
f e re n c e s  betw een  n o r th  and so u th  d iv is io n s  o f th e  Upper F re e p o r t  U n it 
o ccu r in  th e  c la y  and in te rb e d d e d  e l a s t i c s  rows o f  th e  t a l l y  m a tr ic e s ,  
a l l  o th e r  rows f o r  th e  n o r th  and so u th  w ere combined. The r e s u l t i n g  
Upper F re e p o r t  t a l l y  m a tr ic e s  a re  shown in  th e  A s u b m a tr ic e s  o f  T ab les  
5 and 6.
The t r a n s i t i o n  from  th e  Upper F re e p o rt U nit to  th e  B rush Creek
Table 5
N orth  t a l l y  m a tr ix  showing co u n ts  o f  bed-to-rbed and u n i t ’- to -n m it t r a n s i t i o n s
UPPER FREEPORT BRUSH CREEK HARLEM
•
Coal Clay
(Coal,
Clay)
Shaln
pik.
I.C,'
Sand)
Shaln
(Cool,
clay,
Shaln)1
+
Silt
p . c .
Sand)
+
Sik L C Sand Coal Clay Shaln Sik L C Sand Cool Clay Shaln Sik L C Sand
Marina
Shaln
Cool 0 .0 17.00 45 .00 0 .0 22.00 0 .0 23 .00 23 .00 0 .0 0 .0 5 .00 3.00 6 .00 1 .00 0 .0 0 .0 0 .0 n.O P.O o .n 0 .0
Cloy 25 .00 0 .0 6 .0 0 0 .0 16.00 0 .0 3 . OP 1.00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 o .n 0 .0 0 .0 0 .0 p . n 0 .0 0 .0
ec
o (Coat Clay) Shaln 11.00 2 .0 0 0 .0 0 .0 6 .0 0 0 .0 26 .00 9 .00 0 .0 0 .0 O.C 3 .0 O.C o .n 0 .0 0 .0 0 .0 o .o c .o 0 .0 0 .0&IUtu (St, L C , Sand) ♦  Shaln 11.00- 4 .0 0 0 .0 0 .0 4 .0 0 0 .0 6 .0 0 7 .00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0scUrn
SC
(Coal, Clay, Shaln) Sik 7.00 10.00 0 .0 3 .0 0 .0 .0 0.0. 16.00 15.00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 O.C O.C 0 .0
IUa.a. (I C . Sand) Sik 27 .00 29 .00 0 .0 4 .0 0 0 .0 0 .0 8 .00 17.00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 o .o 0 .0 0 .0
3
L C 8 .00 15.00 0 .0 8 .0 0 0 .0 22 .00 0 .0 5 .00 0 .0 0 .5 0 0 .50 1.00 0 .0 0 .5 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Sand 4 .0 0 12 .00 0 .0 7 .0 0 0 .0 30.00 38 .00 0 .0 0 .0 0 .0 0 .0 1.00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 O.C- 0 .0
Coal 0 .0 0 . 0 0 . 0 0 .0 0 .0 0 .0 o.-o 0 .0 0 .0 0 .0 9 .00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 16.00
at
Sii
Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 7 .00 0 .0 2.. 00 20 .00 18.00 4 .0 0 0 .0 0 .0 0 .0 0 .0 n .o 0 .0 0 .0
Ulsc'
y 1 Shaln 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 5 .00 1.00 0 .0 4 .00 11.00 2.00 0 .0 O.C 0 .0 0 .0 O.C 0 .0 0 .0
Xw Sik 0 . 0 0 . 0 0 . 0 0 .0 0 .0 0 .0 o :o 0 .0 7 .0 0 23.00 1 .00 . 0 .0 18.00 9 .0 0 0 .0 0 .0 0 .0 0 .0 c .o 0 .0 0 .0
3orta L C 0 . 0 0 . 0 0 . 0 0 .0 0 .0 0 .0  -  0 .0 0 .0 5 .00 22 .00 .6 .0 0 23 .00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 o .n 0 .0 0 .0
Sand 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 1.00 4 .00 0 .0 5 .00 7 .00 0 .0 0 .0 0 .0 o .n o .n c .o O.p 0 .0
Coal 0 . 0 0 . 0 0 .0 0 . 0 0 .0 0 .0 0 . 0 0 .0 0 .0  ' 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 1 .00 7.00 . 3 .00 6 .00 1 .00 1.00
Clay 0 . 0 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 32 .00 0 .0 " 5 .0 0 21.00 1C.00 3 .00 5 .00
X Shaln' 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
0 .0 0 .0 0 .0 0 .0 7 .00 5 .00 0 .0 7 .00 5.00 1.00 0 .0
UJ
sc Sik 0 . 0 0 . 0 0 . 0 0 .0 0 .0 0 . 0 0 . 0 0 .0 0 . 0 0 . 0 0 .0 0 .0 0 .0 0 .0 3 .00 73 .00 0 .0 0 .0 15.00 10.00 2 .00
<X L C 0 . 0 0 . 0 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 35.00 0 .0 19.00 0 .0 3 .00 n .o
Sand 0 . 0 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 o .n 0 .0 0 .0 0 .0 7 .00 c .o 7 .00 6 . CO c .o 0 .0
Marina Shaln 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 ' cr.TT~ " 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 l.oo- 0 . 0 1 1 .CO 8.00 3 .0 0 0 .0
T^ble 6
S o u t h  t a l l y  m a t r i x  s h o w i n g  c o u n t s  o f  b e d - t o - b e d  a n d  u n i t - t o - . u n i t  t r a n s i t i o n s
UPPER FREEPORT BRUSH CREEK HARLEM
Coal Clay
(Coal.
clay)
Shal*
(Silt,
L C ,
Sand)
Shot*
(Coal,
Cloy,
Sh|l*)
~ Silt"
(LC.
Sa^d)
" Silt" L C Sand Coal Clay Shal* Silt 1. c Sand Coal Clay Shal* Silt 1. c Sand
Marin*
Shal*
Coat 0 .0 17.00 6 5 .00 0 .0 22.00 0 .0 23 .00 23.00 0 .0 0 .0 5 .00 3 .00 6 .00 1 .00 0 .0 0 .0 0 .0 0 .0 C.O 0 .0 0 .0
t- Clay 33 .00 0 .0 I . 00 0 .0 5 .0 0 0 .0 6 .0 0 6 .0 0 0 .0 0 .0 O.C 0 .0 0 .0 0 .0 O.C 0 .0 0 .0 9 .0 0 .0 0 .0 0 .0
ac
0a. (Coal Clay)-*-5hal* 11.00 • r .o o 0 .0  “ 0 .0 " 6 .0 0 • Q-.TJ' 26 . CO - o ;o o - o . a " 0 .0 0 .0 o ;o  ~
0 .0  • 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 o ;o  - 0 .0  -
u><uac (Silt, L C , Sand) •♦•Shal* 11.00 6 .0 0 0 .0 0 .0 6 .0 0 0 .0 6 . 0 0 7 . 00 0 .0 0 .0 - 0 .0 0 .0 0 .0 0 .0 O.C 0 .0 0 .0 . 0 .0 c .o 0 .0 _ 0 .0
ac (Coat, Clay, Shota]-*-Silt 7 .00 10.00 0 .0 3 .0 0 0 .0 0 .0 16.00 15.00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 9 .0 0 .0 0 .0 c .o 0 .0 0 .0
a .a.3 (I C , Sand)-*-Silt' 2t ; oo 2 9 .0 0 0 .0 6 .0 0 0 .0 0 .0 8 .0 0 17; oo 0 .0 ' - 0 .0 0 .0 0 .0 " ” 0 . 0 ' 0 .0 0 .0 0 .0 0 .0 0 .0 n .o  ■ O.C 0 .0
L C 6 .0 0 15.00 0 .0 5 .0 0 0 .0 16.00 0 .0 16.00 0 .0 0 .5 0 0 .5 0 1.00 0 .0 0 .5 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Sand 6 .0 0 12.00 0 .0 7.0Q 0 .0 30.00 38 .00 0 .0 0 .0 0 .0 0 .0 1.00 0 .0  - 0 .0 O.C 0 .0 0 .0 C.C 0 .0 c .o 0 .0
Coal" 71.0 ' " 0 .0 ■ o .o 0 .0 o .o - 0 .0 0 .0 0 .0 0 .0 ' 0 .0 9 .00 - 0 .0 0 .0 0 .0 0 .0 9 .0 0 .0 O.C 0 .0 0 .0 16.00
XIU Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 7.00 0 .0 2 .00 20 .00 18.00 6 .0 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
ac
U Shola 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 5 .0 0 1.00 0 .0 6 .00 11.00 2 .00 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
XV)
3ac•a
s n r
L C
" 0 .0 "
0 .0
'  0 .0  
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
“  0 .0  
0 .0
0 .0  . 
0 .0
t ; oo
5 .0 0
23 ;ao
22 .00
1 . 00
6 .00
0 .0
23 .00
18.00~
0 .0
~ 9 .6 o
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0
0 .0 "
0 .0
0 .0
0 .0
0 .0  - 
0 .0
- Sand 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 1 .00 6 .0 0 0.0 5 .00 7 .00 0 .0 0 .0 0 .0 0 .0 n ;o c .o 0 .0 0 .0
Coal 0 .0  " • 0 . 0 ' 0 .0 0 .0 0 .0 ” 0.0- 0 .0 0 .0 0 .0 0 .0 0 .0 o ;o  " 0 .0 0 .0 0 .0 1 .00 7.00 3 .0 0 7 .00 1.00- 1 .00
Cloy 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 3 2 .0 0 o .o 5 .0 0 21 .00 10.00 3 .0 9 5 .00
S Shat* 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 2 .0 0 5 .0 0 0 .0 7.00 5.00 1 .00 0 .0IU
ac.
<
X
sm* " 0 .0 " 0 .0 o .o - '  0 .0 0 .0 0 ;0 0 .0 o .o - 0 .0 0 .0 0 .0 0 . 0 ' 0 .0 0 .0 - 3 .0 0 23 .00 0 .0 0 .0 15.00 10.00 2 .0 0
Sand . 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 35 .00 0 .0 19.00 0 .0 3 .0 0 0 .0
1 C 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 O.C 0 .0 0 .0 O.C 0 .0 7.00 0 .0 7.00 6 .0 0 0 .0 n .o
Marin* Shat* 0 .0 0.0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 1 .00 0 .0 u . c o 8 .00 3 .0 0 ■n.o
H
a>
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U nit i s  accom plished  by th e  v a r io u s  b e d - to -b e d  t r a n s i t i o n s  co m p ris in g  
su b m atrix  B. S in ce  th e r e  were n o t enough o b s e rv a tio n s  to  t e s t  t h i s  
su b m atrix  f o r  n o r th - s o u th  v a r i a t i o n ,  th e  o b se rv a tio n s  w ere p o o led  and 
used f o r  b o th  m a tr ic e s .  However, to  in s u re  th a t  any su b seq u en t r e s u l t s  
a re  n o t o v e rw eig h ted  w ith  r e s p e c t  to  Upper F re e p o r t  to  Brush Creek 
t r a n s i t i o n s ,  i t  was n e c e s sa ry  to  a d ju s t  th e  observed  v a lu e s  o f th e  
in te rb e d d e d  e l a s t i c s  row o f su b m atrix  B because  t h i s  row o f th e  Upper 
F re e p o rt su b m a tr ix  was .n o t p o o led . T h is  ad ju stm en t was perfo rm ed  as 
f o llo w s :
T o ta l  in te rb e d d e d  e l a s t i c s  freq u en cy  f o r  U .F . so u th  64
T o ta l  in te rb e d d e d  e l a s t i c s  freq u en cy  f o r  U .F. n o r th  58
T o ta l  122
Thus 52 p e r c e n t  o f th e  in te rb e d d e d  c l a s t i c  t r a n s i t i o n s  a re  found in  th e  
so u th  and 48 p e rc e n t  a re  found in  th e  n o r th ;  th e re fo re ,-  ap p ro x im a te ly  
o n e -h a lf  o f  th e  in te rb e d d e d  e l a s t i c s  t r a n s i t i o n s  in  th e  Upper F re e p o r t  
to  Brush C reek su b m atrix  m ust be a s s ig n e d  to  th e  n o r th  and o n e -h a lf  
to  th e  s o u th .
The s t a t i s t i c a l  t e s t s  showed no s ig n i f i c a n t  d i f f e r e n c e s  betw een  
n o r th  and s o u th  d iv is io n s  f o r  e i t h e r  th e  Brush Creek o r Harlem  u n i t s .  
T h e re fo re  th e  t a l l y  m a tr ix e s  w ere po o led  fo r  th e  two g eo g ra p h ic  d iv is io n s  
in  b o th  s t r a t i g r a p h i c  u n i t s .  S in ce  th e  Upper F re e p o rt to  B rush C reek 
t r a n s i t i o n s  had  been  in c lu d e d  f o r  t e s t i n g  p u rp o ses  w ith in  th e  Brush 
Creek U n it ,  th e s e  f re q u e n c ie s  w ere s u b tra c te d  from  th e  Brush Creek U n it 
t a l l y ,  and a  s im i l a r  p ro c ed u re  was fo llow ed  f o r  th e  m arine  s h a le  t r a n s i ­
t io n s  w hich accompany th e  change from Brush Creek to  Harlem u n i t s .  The 
t r a n s i t i o n  from  th e  Brush Creek to  Harlem U n it i s  accom plished  by th e  
f i r s t  ap p ea ran ce  o f m arine  f o s s i l s  in  th e  seq u en ce . Thus th e  f i r s t  
'  t r a n s i t i o n  to  a  m arine bed  from a l i t h i c  ty p e  in  th e  Brush C reek  U n it
i s  a  t r a n s i t i o n  to  th e  Harlem Unit, and th e se  t r a n s i t i o n s  a re  re p re s e n te d  
in  th e  m arine  s h a le  column in  su b m atrix  F. The only  e n try  i s  in  th e  
c o a l row b ecau se  th e  m arine s h a le  i s  alw ays preceded  by a c o a l .
The o v e r a l l  t a l l y  m a tr ic e s  fo r  n o r th  and so u th  w ere th e n  co n v e rted  
to  t r a n s i t i o n  p r o b a b i l i t y  m a tr ic e s ,  as e x p la in e d  in  Appendix I l i a .  The 
t r a n s i t i o n  m a tr ic e s  a re  shown in  T ab les 7 and 8. T his m a tr ix  g iv e s  th e  
p r o b a b i l i ty  o f any v e r t i c a l  t r a n s i t i o n  from  one bed to  a n o th e r ;  th u s  th e  
p r o b a b i l i ty  o f a  c o a l to  s i l t  t r a n s i t i o n  in  th e  Upper F re e p o r t  U n it in  
th e  n o r th  may be found by en te rin g - th e  c o a l ,  Upper F re e p o rt row , and 
p ro ceed in g  to  th e  Upper F re e p o rt s i l t  column and rea d in g  th e  p r o b a b i l i ty  
( .1 5 2 ) .  The p r o b a b i l i ty ' t h a t  t h i s  w i l l  in v o lv e  a  t r a n s i t i o n  to  th e  Brush 
Creek U n it may be  found by p ro ceed in g  to  th e  s i l t  column o f th e  Upper 
F re e p o rt to  Brush Creek su b m atrix  ( .0 2 1 ) .
Beds o f each  ro ck  type  w ere c a te g o r iz e d  by th ic k n e s s , and p ro b a­
b i l i t y  and cu m u la tiv e  p r o b a b i l i ty  d i s t r i b u t io n s  w ere computed f o r  each 
as  shown i n  T ab le  9 . These p r o b a b i l i t i e s  w ere found by d iv id in g  th e  
freq u en cy  f o r  each  c l a s s  by th e  t o t a l  freq u en cy  fo r  th e  d i s t r i b u t i o n .  
S ince  th e  c o a l ,  s i l t ,  in te rb e d d e d  e l a s t i c s ,  and sand th ic k n e s s e s  w ere 
n o t s i g n i f i c a n t l y  d i f f e r e n t  among u n i t s  a t  th e  .01 l e v e l ,  o b s e rv a t io n s  
f o r  a l l  u n i t s  w ere p o o le d . The th re e  s t r a t i g r a p h ic  u n i t s  d i f f e r  w ith  
r e s p e c t  to  th ic k n e s s  o f c la y  b e d s , and th e  Harlem U n it d i f f e r s  from  
th e  po o led  Brush Creek and Upper F re e p o rt U n its  w ith  r e s p e c t  to  s h a le  
th ic k n e s s ;  t h e r e f o r e ,  s e p a ra te  d i s t r i b u t io n s  w ere n e c e s sa ry  f o r  each  o f 
th e s e  (se e  T ab le  2 ) .
A p r o b a b i l i s t i c  model has  th u s  been assem bled c o n s is t in g  o f  
t r a n s i t i o n  p r o b a b i l i t y  m a tr ic e s  and th ic k n e s s  p r o b a b i l i ty  d i s t r i b u t i o n s  
w hich co m p le te ly  d e s c r ib e s  th e  v e r t i c a l  r e l a t io n s h ip s  o f  th e  s ix  g e n e ra l
TaBle 7
N orth  t r a n s i t io n ,  m a tr ix  showing p r o b a b i l i t i e s  o f . . t r a n s i t io n  
From one l i t h i c  ty p e . to  a n o th e r  and from  one u n i t  to  a n o th e r
UPPER FREEPORT BRUSH CREEK HARLEM
Coal Cloy
(Coal,
C M
Shala
(Silt,
L C ,
Sand)
+
Shala
(Coal,
Clay,.
Shalt)
♦
Silt
(I.C ,
Scmd)
Silt L C Sand Coal Clay Shala Silt L C Sand Coal Clay Shala Sift L C Sand
Marina
Shala
Cool o lo 0 .1 1 7  0 .310 0 .0 0 .152 0 .0 0 .159 0 .159 0 .0 0 .0 0 .034 0.021 0.041 0 .007 o .o  . 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
.G ay 0 .490 0 .0 0 .118 0 .0 0 .314 0 .0 0.C59 0.020 0 .0 0 .0 O.C 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 9 .0 O.C 0 .0 0 .0
Sic
o (Coat GayJ^-Shola 0 .204 0 .0 3 7 0 .0 0 .0 0.111 0 .0 0.481 0 .167 0 .0 0 .0 o ;c 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
S i
IUac (Silt, L C , Sand)-*-Shal* 0 .3 4 4 0 .1 2 5 0 .0 0 .0 0 .125 0 .0 0 .188 0 .219 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
o .o 0 .0 0 .0 0 .0 0 .0 0 .0
u .
ac
Ula
a .3
(Coal, Clay, Shaltl^St'ft 0 .1 3 7 0 .196 0 .0 0 .0 5 9 0 .0 0 .0 0 .314 0 .294 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
|L C , Sond)-6-SiH 0 .318 0 .341 0 .0 0 .0 4 7 0 .0 0 .0 0 .0 9 4  0 .200 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 n .o 0 .0 O.C 0 .0 0 .0
L C 0 .132 0 .2 4 8 0 .0 0 .132 0 .0 0 .364 0 .0 0 .083 0 .0 0 .008 0 . COS 0 .017 0 .0 0 .008 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Sand 0 .043 0 .130 0 .0 0 .076 0 .0 0 .3 2 6 0 .413 0 .0 0 .0 0 .0 0 .0 0.011 0 .0 0 .0 0 .0 0 .0 0 .0 OiO 0 .0 0 .0 c .o
Cool 0 .0* 0 .0 0 .0 0 .0 0 .0 0 .0  ' 0 .0 0 .0 0 .0 0 .0 0 .360 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .640
X
Ul ■ Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0  . 0 .0 0 .137 0 .0 0 .039 0.392 0.353 0 .078 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
ac
o Shala 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .217 0.043 0 .0 0 .174 0.478 0 .0 8 7 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
X 'v> Silf 0 .0  ' 0 .0  ‘ 0 .0 "  • 0 .0 0.-0 • 0 .0 0 .0  ‘ 0 .0 0.121 0 .397 0.C17 0 .0 0 .310 0 .155 0 .0 0 .0 0 .0 0 .0 o .n 0 .0 0 .0
ac
a L C 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .089 0 .393 0 .107 0 .411 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Sand 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .059 0 .235 0 .0 0 .294 0.412 0 .0 0 .0 0 .0 0 .0 0 .0 O.C 0 .0 0 .0
Coal' o .o 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0  • 0 .0 0 .0 0 .0 O.C 0 .0 0 .0 0 .0 0 .0 0 .053 0 .368 0 .158 0 .316 0 .053 0 .053
' Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0.421 0 .0 0 . 066 0 .276 0 .132 0 .0 3 9 0 .066
IU
Shala 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .100 0 .250 O.C 0 .350 0 .2 5 0 C.050 C.O
m iac
< SilT 'e m  " 0 .0 0 .0 0 .0 0 .0 ' 0 .0  ' 0 .0 o ;o 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0.053 0 .404 0 .0 0 .0
0 .333 0 .175 0.035
X I .C 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 . 0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .6 1 4 0 .0 0 .333 0 .0 0 .053 0 .0
Sand 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0.350 0 .0 0 .350 0.300 0 .0 0 .0
Marino Shala 0 .0 0 .0  " 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 o .o  • 0 .0 0 .0 0 .0 0 .0 0 .0 0 .043 0 .0 0 .478 C.348 0 .130 0 .0 '
Table 8
South t r a n s i t i o n  m a tr ix  showing p r o b a b i l i t i e s  o f  t r a n s i t i o n  
From one l i t h i c  ty p e  to  a n o th e r  and from  one u n i t  to  a n o th e r
UPPER FREEPORT BRUSH CREEK HARLEM
Coal Clay
(Coal,
C M
Shala
(Silt,
I.G ,
Sand)
Shala
(Coal,
Clay,
Sh^la)
Silt
(LG.
Sarid)
s i t L G . Sand Coal. Clay Shala Silt L G Sand Coal Clay Shala Silt L G Sand
Marina
Shala
•Cool 0 .0 0 .117 0 .310 0 .0 0 .152 0 .0 0 .159 0 .159 0 .0 0 .0 0 .034 0 .U21 0.041 0 .0 0 7 0 .0 0 .0 0 .0 O.C C.O 0 .0 0 .0
•Gay 0 .702 0 .0 0 .021 0 .0 0 .106 0 .0 0 .085 0 . 085 0 .0 0 .0 O.C 0 .0 0 .0 0 .0 c .o 0 .0 0 .0 0 .0 r . c c .o 0 .0
ac
o (Coal, day)-*-Shot# 0 .204 0 . 03T 0 .0 0 .0 0 .111 0 .0 0 . 481"  0 .1 6 7 O.O ' O .O " ' 070- ~ 0. 0 " 070 - 0 .0 0 .0 0 .0 0 .0 0 .0 C.O 0 .0 0 . 0 ”
IUUlac ^ilt, L G, San d]^-Shala 0 .3 4 4 0 .1 2 5 0 .0 0 .0 0 .125 0 .0 0 .188 0 .219 0 .0 0 .0 O.C 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 O.C 0 .0 0 .0u.
ac (Coal, Clay, Shala)-*»Silt 0 .137 0 .196 0 .0 0 .0 5 9 0 .0 0 .0 0 .314 0 .294 0 .0 0 .0 0 .0 0 .0 0 .0 O.C. 0 .0 0 .0 O.C 0 .0 0 .0 0 .0 0 .0
b& (L C , Sand}♦  Silt' 0 .3 1 8 0 .341 0 .0 0 .0 4 7 0 .0 -0 . 0 '  -"0 .094 0.200 O .O " O .O " o :o  • — 0 . 0 " "070 0 . 0 " 0 .0 0 .0 0 .0 0 .0 n .o  • 0 .0 0 .0  '
L G 0 .099 0 .2 4 8 0 .0 0 .083 0 .0 0 .264 0 .0 0 .264 0 .0 0 .008 0.008 0 .0 1 7 0 .0 0 .008 0 .0 0 .0 0 .0 9 .0 o .n 0 .0 0 .0
Sand 0 .0 4 3 0 .130 0 .0 0 .076 0 .0 0 .326 0 .413 0 .0 0 .0 0 .0 0 .0 0.011 0 .0 0 .0 0 .0 0 .0 0 .0 OjO 0 .0 0 .0 0 .0
Coal 0 .0 0 .0 0 . 0 ' 0 .0 0 .0 0 .0  ' 'O .O- “ 0 .0 0V0 - o ;o 0 .360 0 .0 070 0 .0 0 .0 0 .0 0 .0 9 .0 0 . 0" 0 .0 07640
KuaUl Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .137 0 .0 0 .939
0 .392 0.353 0 .078 0 .0 0 .0 0 .0 0 .0 0 .0 o . o ‘ 0 .0
acU Shala 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .217 0 .043 0 .0 0 .174 0 .478 0 .087 0 .0 0 .0 0 .0 0 .0 0 .0 O.n 0 .0
Xin3 Sih- OiO - 0 .0 0 .0 0 .0  * olo • - 0 . 0” ' "070 " 'OVO 07TZI OI3 9 7 'O.OT7 0 .0 07 3T0 07155 0 .0  ' 070 • 0 .0 070 070 ~ O70~ 07CT 'acca L G 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .C 89 0 .393 0 .107 0.411 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 c .o 0 .0 0 .0
Sand 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .C 59 0 .235 O.C 0 .294 0.412 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 O.n C.O
Coal' 0 .0 0 .0 0 .0 0 .0 0 .0 0 . 0 " 0 . 0 ' TJ.TT o .o — 0 7 0 0 .0 0 .0 "0 .0 0 .0 0 .0 0 .053 0 . 368 0 .1 5 5 0 . 3T6 0 .053 0 .0 5 7
, Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0.421 0 .0 0 .066 0 .274 0 . 13? 0 .039 0.066
X Shala 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .100 0 .250 C.O C .36P C.250 0 .050 C.OUl
ac ant­ o;o - 0 .0 0 .0  ~ 0 .0 0 .0 0 .0  " 0 .0  " 0 .0 0 .0 0 .0 0 . 0 ' ~ 07TJ 0 .0 0 .0 0 .053 0 .404 0 .0  ' 070 0 .333 C7175 07035
X i c . 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .614 0 .0 0 .  373 0 .0 0 .053 0 .0
Snnd 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 O.C 0 .0 0 .0 0 .0 0 .0 0 .350 O.C 0 .350 C.300 0 .0 0 .0
Marina Shala - Q-.O 0 .0 0 .0  ' 0 . 0 " 0 .0 o.o ;• 0 .0  - 0 .0 0 . 0  • 0 .0  '• ' 0 .0  - 070" 070- 0 .0 0 .0 0 .043 070 0 .4 7 8 0 .343 ' 07T30TT70 "
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l l t h o l o g i c  ty p e s  an d , w ith  c o n s id e ra b ly  l e s s  p r e c i s io n ,  ta k e s  in to  
accoun t g eo g rap h ic  v a r i a t i o n .  As shown in  th e  p re v io u s  s e c t io n ,  
th e  t r a n s i t i o n  p o r t io n  o f t h i s  model i s  a f i r s t - o r d e r  Markov Chain 
ex c ep t in  th e  Upper F re e p o rt U n it, in  which some se c o n d -o rd e r  e f f e c t s  
m ust be ta k e n  in to  ac co u n t. S ince th e re  a re  s ig n i f i c a n t  s t r a t i g r a p h i c  
d i f f e r e n c e s ,  th e  o v e r a l l  model i s  n o t s ta t io n a r y  b u t changes from th e  
low erm ost Upper F re e p o r t  U n it to  th e  Harlem U n it. Thus th r e e  sep a­
r a t e  Markov C h ain s , one f o r  each a p p a re n tly  homogeneous u n i t ,  w ere 
l in k e d  by means o f two in te rm e d ia te  m a tr ic e s  w h ich , a lth o u g h  s u f f e r ­
in g  from a p a u c i ty  o f  o b se rv a tio n s , which le a d s  to  im p re c ise  p r o b a b i l i t i e s ,  
show th e  v e r t i c a l  a s s o c ia t io n  of u n i t s  in  p r o b a b i l i s t i c  te rm s . F in a l ly ,  
g e o g rap h ic  h e te ro g e n e i ty  was tak en  in to  accoun t by co m p ilin g  s e p a ra te  
t r a n s i t i o n  m a tr ic e s  f o r 'e a c h  o f th e  g eo g rap h ic  a r e a s .
RELATIONSHIPS WITH PREVIOUSLY APPLIED MODELS
Two q u a l i t a t i v e  m odels have been proposed to  d e s c r ib e  th e  
s t r a t ig r a p h y  o f th e  P en n sy lv an ian  s t r a t a  o f w es te rn  M aryland. The 
f i r s t  o f th e se  was th e  cyclothem  model adap ted  from W anless and 
W elle r (1932) by Waage (1950) ; th e  second was th e  d e l t a i c  model 
p roposed  by Ferm and W illiam s as a g e n e ra l app rox im ation  f o r  
P en n sy lv an ian  s t r a t a  i n . t h e  A ppalach ian  P la te a u .
The Waage cyclo them  c o n ta in s  fo u r  ro ck  ty p e s : s h a le ,  c o a l ,
u n d e rc la y , and san d . A ll  o th e r  rock  ty p es  o cc u rrin g  in  t h i s  a re a  
a r e  in c lu d e d  w ith in  th e s e  fo u r .  Thus s h a le  c o n ta in s  some sand and 
s i l t ,  and u n d e rc lay  ran g es  from  dark  and s i l t y  to  p l a s t i c  o r f l i n t  
c la y .  P l a s t i c  o r  f l i n t  c lay  u s u a lly  o ccu rs  in  th e  u n d e rc la y  zone 
b e n e a th  th e  c o a l and g rad es  downward th rough  s i l t  to  th e  u nder­
ly in g  sand zone. A t r a n s i t i o n  m a tr ix  which would e x p re ss  th e s e  
»*
r e l a t io n s h ip s  m ight have th e  form shown in  the fo llo w in g  t a b l e .
COAL CLAY 
c la y  s i l t
SHALE 
sh a le  s i l t  
sand
SAND
COAL - 1 .0
c la y
CLAY
s i l t
- 1 .0
s h a le  
SHALE s i l t  
sand
• - 1 .0
SAND r l.O
The 1 . 0 's  in  t h i s  m a tr ix  im ply h igh  o r n e a r ly  1 .0  p r o b a b i l i t i e s ,  b u t  
n o t  c e r ta in ty *  They must a l s o  be co n s id e red  a summation o f a l l
31
p r o b a b i l i t i e s  o f  t r a n s i t i o n  among ro ck  ty p e s  w ith in  c e l l s ,  i . e . ,  
th e  1 .0  i n  th e  c o a l - to - s h a le  c e l l  in c lu d e s  t r a n s i t i o n s  from  coal 
to  s h a le ,  s i l t ,  and san d - in  th e  s h a le  zone, o r
P (c o a l t o  s h a le )  = P (c o a l to  s h a le )  + P (c o a l to  s i l t )  + P ( c o a l  to  sand)
Waage s t a t e s  t h a t  s i l t  i s  g r a d a t io n a l  betw een th e  sand and c la y  
zones, and i t  i s  p ro b a b le  th a t  some o f  th e  ro ck s  c l a s s i f i e d  as i n t e r ­
bedded e l a s t i c s  in  t h i s  paper would a ls o  f a l l  in to  t h i s  zone. No
■ g e n e r a l iz a t io n s  re g a rd in g  th e  d i s t r i b u t i o n  o f s i l t  and sand in  th e
s h a le  zone a r e  made by Waage, so f u r th e r  c o n s id e ra t io n  o f these i s
im p o ss ib le . These m o d if ic a tio n s  to  th e  cyclo them  would r e s u l t  in
' 1th e  i d e a l  sequence
s h a le
c o a l
i / s l l t0  ^ i .e.
sand
In  t h i s  model th e  t r a n s i t i o n s  sand  to  c la y ,  c la y  to  c o a l ,  coal to  
s h a le ,  and s h a le  to  sand sh o u ld  have h ig h  p r o b a b i l i t i e s .  F u rth e r­
m ore, th e  s i l t  and in te rb e d d e d  e l a s t i c s  w hich may appear in  the c la y  
zone sh o u ld  r e s u l t  i n  la rg e  t r a n s i t i o n  p r o b a b i l i t i e s  f o r  sand to  
in te rb e d d e d  e l a s t i c s  and s i l t ,  in te rb e d d e d  e l a s t i c s  to  s i l t  and c la y ,  
and s i l t  to  c la y  and in te rb e d d e d  e l a s t i c s .  The r e s u l t s  o f  th is  ,
re a so n in g  a r e  shown in  m a tr ix  form  below . I n  t h i s  m a tr ix  "L" i n d i ­
c a te s  th e  l a r g e r  ex p ec ted  p r o b a b i l i t i e s  o f  t r a n s i t i o n  and the numbers 
in  p a re n th e s e s  a re  th e  p r o b a b i l i t i e s  a c tu a l ly  observed in  the Harlem  
m a tr ix .
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COAL CLAY SHALE SILT I .C . SAND
COAL L (.4 2 1 ) (.3 1 5 )
CLAY L (.4 2 1 )
SHALE (.3 5 0 ) L ( .0 5 )
SILT L ( .4 0 4 ) L ( .3 3 3 )
I .C . L ( .6 1 4 ) L ( .3 3 3 )
SAND L ( .3 5 0 ) L (.3 5 0 ) L (.3 0 0 )
The on ly  m ajo r d is c r e p a n c ie s  betw een th e  two m odels seems to  be 
in  co a l to  in te rb e d d e d  e l a s t i c s  and s h a le  to  s i l t  and sand* However, 
c o a l to  in te rb e d d e d  e l a s t i c s  and s h a le  to  s i l t  have a  much low er p roba­
b i l i t y ,  th u s  a g re e in g  w ith  th e  Waage m odel, in  th e  Upper F re e p o rt and 
Brush Creek U n its ,  and s in c e  a l l  u n i t s  have r e l a t i v e l y  h ig h  s h a le  to  
in te rb e d d ed  e l a s t i c s  p r o b a b i l i t i e s  ( .2 5 0  to  .481) i t  i s  p o s s ib le  th a t  
some in te rb e d d e d  e l a s t i c s  w ere in c lu d e d  i n  th e  sand zone i n  th e  Waage 
model. Thus th e  model p roposed  h e re in  a g re e s  w ith  Waage*s model b u t 
ex p re sse s  s im i la r  r e l a t io n s h ip s  in  n u m eric a l term s and em phasizes 
lo c a l  v a r i a t io n s  to  be ex p e c te d .
The Ferm -W illiam s model d i f f e r s  from W aage's in  b e in g  some­
what more s p e c i f i c  in  e x p re s s in g  l a t e r a l  r e l a t io n s h ip s  and le s s  
s p e c i f ic  in  d e f in in g  v e r t i c a l  r e l a t io n s h ip s .  This model a ls o  
ex p re sse s  th e  r e l a t i v e  th ic k n e s s  o f i t s  v a r io u s  p a r t s .  W aage's 
g e n e ra l cyclo them  ap p ro x im a tes  a v e r t i c a l  s e c t io n  th rough  th e  
Ferm -W illiam s model i f  one b e g in s  a t  th e  b a se  w ith  a c o a l r a th e r  
than  a sand (se e  F ig u re  5 ) .
Intermediate
Marine-*) Nonmarine
Shale and silty shaleSandstone and coarse siltstone
CoalSiltstone
LimestoneSeat rock
Ironstone
F ig u re  5 . A model o f  P en n sy lv an ian  se d im e n ta tio n  (modi­
f ie d  from  Ferm and C avaroc, 1969).
The th re e  s t r a t i g r a p h i c  u n i t s  o f t h i s  a re a  may be in te r p r e te d  
a5 c o rre sp o n d in g  to  th r e e  l a t e r a l l y  e q u iv a le n t  s u b d iv is io n s  o f th e  
d e l t a i c  model as shown i n  F ig u re  5 . In  t h i s  i n t e r p r e t a t i o n  th e  
Upper F re e p o rt U nit c o rre sp o n d s  to  th e  nonm arine , th e  Brush Creek 
to  th e  in te rm e d ia te ,  and th e  Harlem to  th e  m arine  p a r t  o f th e  m odel. 
T h is q u a l i t a t i v e  model does n o t  have any s p e c i f ie d  d im en sio n s , so 
th e  com parisons m ust be  made by s im u la tin g  v e r t i c a l  sequences by 
means o f th e  p r o b a b i l i s t i c  model and com paring them w ith  th e  
q u a l i t a t i v e  m odel.
A s e r i e s  o f c o a l - t o - c o a l  i n t e r v a l s  s im u la te d  by th e  p ro ced u re  
d em onstra ted  in  Appendix I l l b  i s  shown in  F ig u re  6 . These s e c t io n s  
ag ree  w ith  th e  Ferm -W illiam s model b o th  as  to  t o t a l  th ic k n e s s  o f 
th e  c o a l - to - c o a l  i n t e r v a l s  and th e  r e l a t io n s h ip s  w ith in  th e  i n t e r v a l s .
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F ig u re  6. V e r t ic a l  s e c t io n s  s im u la te d  b y  th e  p ro c e d u re s  d e sc r ib e d  
in  Appendix I H b .
In  th e  two m odels th e  nonm arine d iv is io n  v a r i e s  g r e a t ly  w ith  r e s p e c t  
to  th ic k n e ss  as w e ll  as  i n t e r n a l  arrangem ent o f  b e d s . These i n t e r ­
v a ls  range from th in  c o a l - s h a le - c o a l  sequences to  th ic k  s e c t io n s  
c o n ta in in g  r e p e t i t i o n s  o f  a l l  p o s s ib le  l i t h i c  ty p e s . The in te rm e d ia te  
o r  Brush Creek d iv is io n  i s  g e n e ra l ly  th ic k e r  th a n  th e  Upper F re e p o rt 
o r  nonm arine b u t p ro b ab ly  th in n e r  th an  th e  H arlem , as in d ic a te d  by 
b o th  m odels.
S in ce  th e  s im u la te d  s e c t io n s  a p p a re n tly  f i t  th e  a p p ro p r ia te  
p a r t s  o f th e  q u a l i t a t i v e  model i t  may be p o s s ib le  to  combine th e  
m odels, u s in g  th e  m a tr ic e s  to  s p e c ify  v e r t i c a l  r e l a t io n s h ip s  and 
d im ensions w ith in  th e  d e l t a  model and u s in g  th e  d e l t a  model to  
s p e c ify  l a t e r a l  r e l a t io n s h ip s  among th e  t r a n s i t i o n  m a tr ic e s .
O bviously  such  a  model m ust be t e s t e d  in  a  l a r g e r  a re a  w here th e  
f a c ie s  seen  h e re  in  v e r t i c a l  ju x ta p o s i t io n  a r e  known to  be l a t e r ­
a l l y  e q u iv a le n t .
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DECISION PROBLEMS
D r i l l in g  d e c is io n  problem s have been so lv e d  by u t i l i z i n g  an economic 
d ec is io n -m ak in g  p ro ce ss  (G rayson, 1960; Kaufman, 1 9 6 3 ), b u t g e o lo g ic  d a ta  
o f a p r o b a b i l i s t i c  n a tu re ,, which a re  r e q u ire d  by th e s e  m ethods, have been 
in  th e  form of "h o rseb ack '' e s t im a te s .  A n a ly s is  o f  th e  p r e v a i l in g  eco­
nomic s i t u a t i o n  u s u a lly  r e s u l t s  in  a s ta te m e n t w hich  s p e c i f i e s  th e  
minimum p r o b a b i l i ty  o f su ccess  which w i l l  p e rm it th e  d e c is io n  to  p ro ­
ceed  w ith  th e  d r i l l i n g  p r o je c t .  Because su c c e ss  in  a  d r i l l i n g  v e n tu re  
u s u a lly  means f in d in g  th e  d e s ire d  - ta rg e t  w ith in  a  s p e c i f ie d  d is ta n c e  from 
th e  s u r fa c e  o f th e  ground, th e  problem  may be s t a t e d  a s  fo llo w s : "What
i s  th e  p r o b a b i l i ty  o f f in d in g  th e  t a r g e t  w ith in  t h i s  d is ta n c e ? "
A h y p o th e t ic a l  problem  which m ight be e n c o u n te re d  in  w e s te rn  
M aryland in v o lv e s  th e  d e c is io n  to  d r i l l  a  s e r i e s  o f  co re  h o le s  in  a 
c o a l  e x p lo ra t io n  program . A su ccess  in  t h i s  a r e a  co u ld  be d e f in e d  as 
a  c o a l bed th ic k  enough and sh a llo w  enough to  be  e x t r a c te d  eco nom ically  
by s t r i p  m ining te c h n iq u e s . Thus a su c ce ss  in  t h i s  problem  m ight range 
from  a  c o a l bed a t  l e a s t  4 f e e t  th ic k  w ith in  25 f e e t  o f th e  s u r fa c e  to  
a  bed 1 fo o t  th ic k  w ith in  8 f e e t  o f th e  s u r f a c e .  From p a s t  h i s to r y  of 
th e  company co n d u c tin g  t h i s  e x p lo ra t io n  p rogram , i t  i s  known th a t  i f  
any one o f th e  p r o b a b i l i t i e s  o f  su ccess  in  one b o re h o le  i s  e q u a l to  
o r  g r e a te r  th a n  th e  co rresp o n d in g  p r o b a b i l i ty  shown in  T ab le  10, 
e x p lo ra t io n  o f th e  a re a  w i l l  le a d  to  p r o f i t s  f o r  t h e  company in  th e  
lo n g  ru n . I t  i s  f u r th e r  assumed th a t  th e  s t r a t i g r a p h y  o f th e  a re a , 
o f  i n t e r e s t  in  th e  problem  i s  tho u g h t to  be s im i l a r  to  th a t  o f  th e
Upper F re e p o rt U n it in  th e  north , p a r t  o f th e  a r e a  i n  t h i s  s tu d y . Thus
th e  t r a n s i t i o n  d a ta  from th e  Upper F re e p o rt n o r th , m a tr ic e s  w ere  u sed .
For e a se  o f com putation  in  th e  exam ple th e  t a l l y  m a tr ix  was
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T ab le  10 
R equired  Success P r o b a b i l i t i e s
Coal T h ickness ( in  f e e t )
.1 2 3 4
De
pt
h 
(in
 
fe
et
)
6 .200 .040 .020 .010
12 X .070 .030 .015
18 X .090 .040 .020
24 X X .080 .030
red u ced  to  a  4 x 4 m a tr ix  by com bining th e  s i l t ,  s h a le ,  and in te rb e d d e d  
e l a s t i c s  rows and colum ns. The r e s u l t i n g  m a trix  was th en  tra n sp o se d  
to  y i e ld  t r a n s i t i o n s  in  a to p - to -b o tto m  sequence in s te a d  o f bo ttom - 
to - to p .  T h is t a l l y  m a tr ix ,  th e  t r a n s i t i o n  m a trix  c a lc u la te d  from  i t ,  
and th e  m edian th ic k n e s s e s  o f th e  fo u r  l i t h o lo g ic  ty p es  a r e  shown 
in  T ab le  11.
The f i r s t  s te p  i s  th e  c a lc u la t io n  o f th e  expected  th ic k n e s s  
ta b le , shown in  T able 12 u s in g  a  method developed by Howard (1960, 
p . 1 8 ) ,  and shown in  d e t a i l  i n  Appendix I I I c .  In  t h i s  t a b le  th e  
s t a r t i n g  ro c k  ty p es  a re  th e  row h e a d in g s , and th e  number o f t r a n ­
s i t i o n s  a r e  th e  column h e a d in g s . An e n try  in  th e  ta b le  i s  th e  
th ic k n e s s  ex p ec ted  i f  one s t a r t s  d r i l l i n g  in  a s p e c i f ie d  ro ck  ty p e  
and p ro ceed s  th rough  n - t r a n s i t i o n s .  Thus i f  d r i l l i n g  b e g in s  in  a 
c la y  and p ro ceed s  th rough  18 .5  f e e t ,  th re e  t r a n s i t io n s  sh o u ld  be 
e n c o u n te re d ; and , w ith in  abou t 24 f e e t ,  one can expect to  en co u n te r 
f o u r  t r a n s i t i o n s  r e g a rd le s s  o f  th e  i d e n t i ty  o f  th e  s t a r t i n g  l i t h i c  
ty p e .
Table 11
Example Problem  D ata
T a lly
Coal Clay S i l t Sand T o ta l
Coal 0 25 64 4 93
Clay 17 0 60 12 89
S i l t 90 25 0 . 75 190
Sand 23 1 53 0 77
*
P 449
Coal 0 .269 .688 .043
Clay .191 0 .674 .135 .
S i l t .474 .132 0 .395
Sand .299 .013 .688 0
■
Median
T hick- 1 .48  f t ,  
n ess
3 .9 3  f t . 7 .56  f t . 10 .20  f t •
The second s te p  i s  to  d e te rm in e  th e  p r o b a b i l i ty  o f o b ta in in g
a t  l e a s t  one c o a l on one o f th e s e  n t r a n s i t i o n s .  T h is  p r o b a b i l i ty  i s
found by th e  i t e r a t i v e  p ro c e d u re  o u tl in e d  below.
From p r o b a b i l i ty  th e o ry  (Brunk, p . 15) i t  i s  known th a t  i f  A 
and B a re  e v e n ts ,  th e  p r o b a b i l i t y  of A and B o c c u rr in g  i s  P(AB) =
P(B/A)P(A) where P(B/A) i s  th e  c o n d i t io n a l  p r o b a b i l i ty  o f ev en t B
o c c u rrin g  i f  e v e n t A h a s  o c c u r re d . Now l e t
T able  12 
T ra n s itio n -D e p th  R e la tio n s h ip s
Number o f T ra n s i t io n s
' 1 2 3 4
Coal 6 .7 0 13 .38 18.47 24 .29
Clay 6 .7 6 12 .35 18.46 24.28
S i l t 5 .2 5 11.57 17 .25 23 .36
Sand 5 .7 0 11 .40 17.52 23 .33
a = th e  number o f c o a ls  on th e  f i r s t  t r a n s i t i o n ;
B = th e  ev e n t c o a l  on th e  second t r a n s i t i o n ;
A = th e  complement o f  A o r  th e  ev en t no c o a l  on th e
f i r s t  t r a n s i t i o n ;  
a = th e  number o f n o n -c o a ls  on th e  f i r s t  t r a n s i t i o n ;
B = th e  complement o f  B;
C = th e  e v en t c o a l on th e  t h i r d  t r a n s i t i o n .
Thus th e  p r o b a b i l i ty  o f c o a l  on th e  second t r a n s i t i o n  from c la y  and
n o t on th e  f i r s t  i s  P(AB) = P(A) P(B/A) and on th e  t h i r d  b u t  n o t on
e i th e r  o f th e  f i r s t  tw o, P(ABC) = P(AB) P(C/AB); th e  p r o b a b i l i ty  of
a t  l e a s t  one co a l on one o f  th e  f i r s t  th r e e  t r a n s i t i o n s  i s
P(A) + P(AB) + P (ABC).
P(B/A) i s  th e  sum o f th e  p r o b a b i l i t i e s  o f  a l l  p o s s ib le  ways
to  g e t c o a l on th e  second t r a n s i t i o n  i f  i t  was n o t enco u n tered  on
th e  f i r s t .  These a r e  th e  p r o b a b i l i t i e s  o f  s i l t  on th e  f i r s t  and
c o a l on th e  second t r a n s i t i o n  o r sand on th e  f i r s t  and c o a l on th e
second . The p r o b a b i l i ty  o f s i l t  on th e  f i r s t  t r a n s i t i o n  i f  i t  i s
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known- th a t  c o a l could  n o t o ccu r i s  t 23/ a 2where t 23 *s fc^ e num^ e r  
c l a y - t o - s i l t  t r a n s i t i o n s  in  th e  t a l l y  m a tr ix  in  T able  13A and 
i s  th e t o t a l  number o f c la y  to  n o n -c o a ls  in  T able 13B; 
th e r e fo r e ,
-  £ )
• = p23 P31 + p 2 4 ' P41 
4
P(A) = 2  t 2 j /^ n2 = (1" p 21^ ; w here P21 "  c la y  ■*" Coal
• j~ 2
( 1)
P(AB) = (1 -  p21) (p 23 31 + p2 4 '  p 41)
w here ( ' )  in d ic a te s  e n t r i e s  in  a  t r a n s i t i o n  m a tr ix ,a s  shown in  T ab le  13C, 
c a lc u la te d  a f t e r  th e  c o a l row and column have been  d e le te d  from th e  
o r ig in a l  t a l l y  m a tr ix . S im i la r ly ,  th e  p r o b a b i l i ty  o f c o a l on th e  
second t r a n s i t i o n  a f t e r  s t a r t i n g  in  s i l t  i s
P ( s i l t  *> c o a l)  = (1 -  p 31) (p 32 V21 +  p3 4 ' p 4 i >; (2)
and , a f t e r  s t a r t i n g  in  san d ,
P (sand  -»■ co a l)  = (1 -  p 41) (p 4 2 ' P21 + P4 3 f P31) . (3)
These r e s u l t s  may be o b ta in e d  from  th e  m a tr ix  e q u a tio n
"P (c lay c o a l ) ’ '0 P ’ 23 P24 P21
P ( s i l t 2
o
c o a l) = P ’ 32 0 p '34 X P31
_P(sand coal)_ P ’L 42 P '43 0 - P41-
(4)
‘1 0 0 '
0 1 0  
.0 0 1.
I f  t h i s  m a tr ix  m u l t ip l ic a t io n  i s  c a r r i e d  o u t th e  p r o b a b i l i t i e s  on th e
[u- P21> (1  “ p31> (1  -  P41>I*
■]
T able  13 
M atrix  N om enclature
A. T a lly  M atrix
Coal Clay S i l t Sand T o ta l
Coal *11 "  0 t 12 t 13 fc14 " l
Clay Z21 *22 = 0 t 23 fc24 n 2
S i l t t 31 t 32 " 3 3 " ° *34 n 3
Sand rt •fc- I-* t 42 t 43 r
t 1) O n 4
B. D e le te  Coal Row and Column
Clay S i l t Sand T o ta l
Clay 0 t 23 fc24 *2
S i l t fc32 0 r
t
U* *3
Sand *42 . fc43 0 S4
C. C a lc u la te  P '
Clay S i l t Sand
Clay, 0 P 123 P24f
S i l t P ' 32 0 P34f
Sand P '42 P 143 0
42
r i g h t  s id e  o f  e q u a tio n s  1 , 2 , and 3 appear in  th e  d ia g o n a l m a tr ix , 
a s  shown below .
(1 -P 2i )  (P23* P31 + P24 ' P41)
0
0
(I.-P31) (P3 2 ' P21 + P3 4 ' P41)
0
0
^ " P41^ ^P42* P21 + P43* P31*
(5)
I f  (*) i s  used to  deno te  m a tr ic e s ,  I? to  d en o te  column v e c to r s ,  and ( ) fc to  
den o te  row v e c to r s ,  e q u a tio n  4 may be w r i t t e n  as
P2 = P ' P (1 -  P . ^  I (6)
and
P2 (C) = P^ (C) + P2 = p r o b a b i l i ty  o f a t  l e a s t  one c o a l  in  th e  f i r s t  
two t r a n s i t i o n s .
A s im i la r  argum ent may be used  to  f in d  th e  p r o b a b i l i ty  o f a  c o a l 
op th e  t h i r d  t r a n s i t i o n  i f  one was n o t e n co u n te red  on e i t h e r  o f th e  
f i r s t  two. Thus
P (ABC.) = P (c la y  -»■ c o a l)  = ( P ^ 1 P ^ 1 P21 + P ^ '  P ^ '  P41 + P ^ 1 P4 2 ' P21
+ P2 4 ' P43 ' P31) (1 -  P (c la y  i  c o a l ) ) .  (7) .
A gain a r ra n g in g  in  m a tr ix  form , 
3
- P (c la y c o a l) - “ 0 P '23 P , - l 24 " 0 P '23 P 1 24 P21
P ( s i l t
3 c o a l) = P 132 0 p  134 X P 'r 32 0 P 134 X P31
_P (sand 3 c o a l)_ P 'L- 42 P4 3 ’ 0 P * ^ -4 2 P 1 43 0 P41-
(8)
x (1 -  P2 ( C ) r  x I .
.M u l t ip l ic a t io n  w i l l  a g a in  r e s u l t  in  a d iag o n a l m a tr ix  w ith  th e  d e s ire d  
p r o b a b i l i t i e s  on th e  d ia g o n a l. R ew ritin g  th e  e q u a tio n  in  th e  same 
manner as in  6 g iv e s
P3 = P ,2 P (1 -  P2 (C )) t  I
sib sib «Jb
p 3(G) -  P2 ( 0  + P3
(9)
(10)
The same p ro c e d u re s  f o r  su cceed in g  t r a n s i t i o n s  y i e ld  th e  g e n e ra l  form 
f o r  f in d in g  th e  p r o b a b i l i ty  o f a t  l e a s t  one c o a l  in  n t r a n s i t i o n s .
f  <Q> = ? n ,< c )  +  p ’11" 1 p  ( l  ~ p  i (C ))*  in n—1 • — n—± (11)
^  <«
S in ce  P ,n  w i l l  s t a b i l i z e  a f t e r  a .la rg e  number o f  i t e r a t i o n s  in to  a
3fc TV—1  *
m a tr ix  w ith  i d e n t i c a l  row s, P P_becomes c o n s ta n t  f o r  l a r g e  n* A lso ,
^ n  1s in c e  a l l  row v e c to r s  a re  th e  same, P f may be r e p re s e n te d  by a
^  1
s in g le  row v e c to r ,  and P ' 1? becomes a  s c a l e r  P and e q u a tio n  (11) 
becomes
P (C) = P (C) + p (1 -  P (C ))1 I  (12)n  n—1 _____ n—1_____
f o r  la r g e  n . The s iz e  o f  n  f o r  w hich e q u a tio n  12 i s  a p p l ic a b le  may
«lb
be found by r a i s in g  th e  m a tr ix  P ' to  s u c c e s s iv e ly  h ig h e r  powers 
u n t i l  a l l  rows a re  i d e n t i c a l .
if
In  th e  exam ple problem  th e  m a tr ix  P ' i s  
0 .833 .167
.250 0 .750
.018 .981 0 _
The p r o b a b i l i ty  o f  c o a l on th e  f i r s t  t r a n s i t i o n  from  c la y ,  s i l t ,  and
sand i s  th e  c o a l column o f m a tr ix  P. These p r o b a b i l i t i e s  a re  h e re  
a rra n g ed  on a d ia g o n a l m a tr ix  to  be com patib le  w ith  th e  c a lc u la t io n s  
to  fo llo w .
.1 9 1  0 0
Px (C) 0 .474 0
0 0 .299
P2 (C ), th e  p r o b a b i l i ty  o f  a t  l e a s t  one co a l in  th e  f i r s t  two t r a n ­
s i t i o n s ,  i s
P2 (C) = (C) + P* P (1 -  P -^C ))*  I
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“.191 0 " "0 .833  .1 6 7 " ".191“
.474 .+
.«* •
.250 0 .750 X .474
cr»
J2
J .018 .981  0 - •2" .
x[(1 -.191)C L -.474X 1-.299)|x I- .2 9 )J
" .1 9 1  0 • o CD VO
__
__
_1
ZZ .474 + .272
0 . 299__
vO•i
[•x .809 .526 . 701J  x
- .1 9 1  0 - .0 7 2  0 “  .263 0
.474 + .143 = .617
0 .299 0 .328_ _0 .627^
The p r o b a b i l i ty  o f  a t  l e a s t  one co a l i n  th re e  and fo u r  t r a n s i t i o n s  i s
" .2 1 1 .164 .6 2 5 " " 1 9 1 "
(C) = p 2 ( c) + .014 .944 .042 X .474
_ .245 .015 .739_ __.299_
x [ (1 - .2 6 3 )  (1 -.6 1 7 ) ( l - .6 2 7 ) ] x
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P2 <C) +
'.305'
.463
.275
x [• 737 .383 .373 ] x I
- . 2 6 3  0 “ .225 o “ .488 0 -
= .617 + .177 = .794
_0 .627 _ 0 . 102_ 0 .729
V ,C )  = ^3  <c > +
" 0 5 2 .789 .158" "1 9 1 ”
.237 .053 .710 X .474 x £ ( l- .4 8 8 )  (1 - .7 9 4 )  (1 -.7 2 9 )J  x I
_.017 * .929 .052_ 299_
? 3 (C) +
, 431*
.283
,459
[• 512 .206 . 2 7 i ] X I
" .4 8 8  0 “ .221 0 - .7 0 9  0
.794 + .058 = .852
0 .729_ 0 .124 0 .853_
The t h i r d  s te p  i s  c a lc u la t in g  th e  p r o b a b i l i ty  t h a t  a  c o a l i f  
found  w i l l  be s u f f i c i e n t l y  th ic k .  The cu m u la tiv e  th ic k n e s s  t a b le  
shows t h a t  th e  p r o b a b i l i t y  o f a co a l 4 o r  more f e e t  th ic k  i n  a l l  u n i t s  
i s  .0 4 7 . Thus th e  p r o b a b i l i t y  o f f in d in g  a c o a l w ith in  24 f e e t  t h a t  
i s  a t  l e a s t  4 f e e t  th ic k  i s
" 7 0 9 " "0 3 3 " i f th e i n i t i a l ro ck i s c la y ;
.852 x ( .0 4 7 ) = .040 i f th e i n i t i a l ro ck i s s i l t ;
853_ _.040_ i f th e i n i t i a l ro ck i s san d ;
and th e  p r o b a b i l i ty  o f  a t  l e a s t  one c o a l 3 o r  more f e e t  th i c k  i s
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". 709" " 0 7 5 “ i f th e i n i t i a l rock i s c la y ;
.825 x (.1 0 6 ) = .090 i f th e i n i t i a l rock i s s i l t ;
-• 853_ _.090_ i f th e i n i t i a l rock i s san d .
The p r o b a b i l i ty  o f f in d in g  a t  l e a s t  one c o a l 4 f e e t  th ic k  w ith in  18 
f e e t  o f th e  s u r fa c e  i s  PgC^) x .047 o r
"  488" "0 2 3 " i f th e i n i t i a l rock i s c la y ;
.794 x ( .0 4 7 ) = .037 i f th e i n i t i a l rock i s s i l t ;
729_ _.034_ i f th e i n i t i a l ro ck  i s san d .
The rem ain in g  p r o b a b i l i t i e s  in  T able  14 w ere c a lc u la te d  in  th e  same 
m anner. T h is  t a b le  shows th e  p r o b a b i l i ty  o f su ccess  i f  th e  i n i t i a l  
l i t h i c  ty p e  i s  c la y .
T ab le  14 
C a lc u la te d  Success P r o b a b i l i t i e s
Coal T h ickness in  F ee t
1 2 3 4
D
ep
th
6 .140 .060* .020* .009
12 X .083* .028 .012*
18 X .154* .052* .023*
24 X X .075 .033*
P r o b a b i l i t i e s  marked (*) in  T ab le  14 a re  eq u a l to  o r  g r e a te r  th a n  c o r­
re sp o n d in g  p r o b a b i l i t i e s  in  T able 10; th e r e fo re ,  th e  d e c is io n  in  t h i s  
c a se  w ould be to  p ro ceed  w ith  th e  d r i l l i n g  program .
A nother form in  w hich th e  d e c is io n  problem  m ight have been  s ta t e d  
ta k e s  in to  accoun t a l l  p r o b a b i l i t i e s  in  T able  10. S in ce  th e  p ro b a -
b i l i t i e s  as  e x p re sse d  in  T ab le  14 a re  c u m u la tiv e , i . e . ,  th e  p roba­
b i l i t y  o f a  c o a l  a t  l e a s t  1 fo o t th ic k  w ith in  8 f e e t  o f th e  s u rfa c e  
in c lu d e s  a l l  c o a ls  2 , 3 , 4 , and more f e e t  th i c k ,  th e se  v a lu e s  a re  
n o t a d d i t iv e .  However, each row i s  in c lu d e d  in  th e  row below and each  
column i s  in c lu d e d  in  th e  one on i t s  l e f t ,  so s u b tr a c t io n  as shown 
below r e s u l t s  in  in d ep en d en t rows and columns which may now be added 
to  g iv e  a t o t a l  p r o b a b i l i ty  o f su c c e ss  o f .258 .
S u b tra c t  each  column from th e  one on th e  l e f t :
.080 .040 . 0 1 1 .009
X .055 .016 .012
X .102 . .029 .023
X X - .042 .033
S u b tra c t each  row from th e  one below :
.080 .040 . 0 1 1 .009
X .015 .005 .003
X .048 .013 . 0 1 1
X ' X .013 .010
The same p ro c e d u re  perform ed on T ab le  10 g iv e s  a  r e q u ire d  p r o b a b i l i ty  
o f .2 9 0 . Thus i f  th e  d e c is io n -m ak e rs  w ish es  to  ta k e  in to  accoun t a l l  
p o s s ib le  su c c e ss  p r o b a b i l i t i e s  th e  d e c is io n  would be to  abandon the  
program .
In  t h i s  d e c is io n  problem  a r e l a t io n s h ip  has  been  dem onstra ted  
among dynamic programming m ethods, d ec is io n -m ak in g  p ro c e d u re s , and 
Markov m odels o f s e d im e n ta tio n . The problem  i t s e l f  was fo rm u la ted  
from  s ta n d a rd  d e c is ip n  under u n c e r ta in ty  p ro c e d u re s , i . e . ,  s p e c ify
th e  p r o b a b i l i ty ,  b ased  on g e o lo g ic  d a ta ,  o f  f in d in g  a " t a r g e t"  w ith in  
econom ica lly  s p e c i f ie d  c o n s t r a in t s .  Dynamic programming methods as 
a p p lie d  to  Markov p ro c e ss e s  fu rn is h e d  th e  method f o r  d e te rm in in g  th e  
a s s o c ia t io n  betw een th ic k n e s s  and t r a n s i t i o n s ,  w hich was th e  f i r s t  
s te p  in  th e  s o lu t io n .  The second and th i r d  s te p s  in  th e  s o lu t io n ,  
to  f in d  th e  p r o b a b i l i ty  o f a t  l e a s t  one o f th e  " t a r g e t s "  w ith in  t h i s  
seq u en ce , was d e r iv e d  in  t h i s  s e c t io n .  Two p o s s ib le  methods of ev a lu a ­
t io n  o f th e  o u tp u t p r o b a b i l i t i e s  were su g g e s te d .
-Tables s p e c ify in g  r e q u ire d  and observed  su c ce ss  p r o b a b i l i t i e s ,  
such  as T ab les  10 and 1 4 ,may be expanded b o th  in  ran g e  o f d ep th s  
and in  th ic k n e s s ,  and a-m ore e la b o r a te  t r a n s i t i o n  m a tr ix ,  such as th o se  
i n  T ab les  7 and 8 , cou ld  be used  i f  c a lc u la t io n s  w ere perform ed by 
com puter. C a lc u la t io n s  in v o lv in g  m edian th ic k n e s s  would a ls o  become 
more p r e c is e  as th e  number o f t r a n s i t i o n s  and t o t a l  th ic k n e s s  in ­
c re a se d . In  ca se s  w here th e  sp rea d  o f bed th ic k n e s s e s  abou t th e  
m edian i s  c o n s id e ra b le ,  i t  m ight be d e s i r a b le  to  make s e p a ra te  
c a lc u la t io n s  u s in g  q u a r t i l e  th ic k n e s s e s  in  a d d i t io n  to  m edians in  
o rd e r  to  o b ta in  some id e a  of th e  p o s s ib le  sp re a d  o f th e  p r o b a b i l i t i e s .
SUMMARY
A m ath em atica l m odel, c o n s tru c te d  from  th e  low er P en n sy lv an ian  
ro ck s  o f w e s te rn  M aryland, was d e v ise d  to  e x p re ss  v a r i a t io n s  in  l i t h o l o g i c  
c h a r a c t e r i s t i c s  in  term s o f s t r a t i g r a p h i c  ( v e r t i c a l )  and g eo g rap h ic  (h o r i ­
z o n ta l)  v a r i a t io n .
C h i-sq u a re  t e s t s  showed th a t  in  te rm s o f t r a n s i t i o n s  th e  upper and 
m iddle u n i t s ,  "Harlem " a n d 'b ru sh  C reek" r e s p e c t iv e ly ,  d i f f e r e d  from one 
a n o th e r  b u t w ere g e o g ra p h ic a lly  homogeneous. The u n d e rly in g  Upper 
F re e p o rt U n it was g e o g ra p h ic a lly  h e te ro g en eo u s  and th e r e f o r e  d i f f e r e n t  
from  th e  two o v e r ly in g  u n i t s .  K ru sk a l-W a llis  a n a ly s is  o f  v a r ia n c e  by 
ran k s t e s t s  w ere u sed  to  com pare th e  same u n i t s  w ith  r e s p e c t  to  th ic k ­
n e s s  d i s t r i b u t i o n s .  T h is s e r i e s  o f t e s t s  in d ic a te d  th a t  th e  u n i t s  w ere 
i n t e r n a l l y  homogeneous b u t d i f f e r e d  from  one a n o th e r  w ith  r e s p e c t  to  c la y  
and s h a le  bed th ic k n e s s ,  w hich in c re a s e d  upward from  th e  Upper F re e p o rt 
to  Harlem u n i t s .
A d d it io n a l  c h i- s q u a re  t e s t s  e s ta b l i s h e d  th e  dependence o f one 
l i t h i c  ty p e  upon th e  p re c e d in g  l i t h i c  ty p e  in  m ost ca se s  and , in  th e  
ca se  o f s h a le  arid s i l t  in  th e  Upper F re e p o r t  U n it ,  a  r e l a t io n s h ip  
betw een th e  l i t h i c  ty p e  su cceed in g  s h a le  o r  s i l t  and th e  l i t h i c  type 
p re c e d in g  th e s e  two ty p es  was d e m o n stra ted .
T r a n s i t io n  p r o b a b i l i ty ,  m a tr ic e s  w ere th en  c a lc u la te d  to  accoun t 
f o r  a l l  d em o n stra ted  s t r a t i g r a p h ic  and g eo g rap h ic  v a r i a t io n  w ith  r e s p e c t  
to  one-and tw o -s tep  t r a n s i t i o n s .  The t r a n s i t i o n  p r o b a b i l i ty  m a tr ic e s  
w ere c o n s tru c te d  to  show th e  p r o b a b i l i s t i c  r e la t io n s h ip s  among u n i t s  as 
w e l l  as w ith in  each  u n i t .  P r o b a b i l i t i e s  o f  beds ly in g  w ith in  s p e c i f i c  
th ic k n e s s  ran g es  w ere c a lc u la te d  from  th e  th ic k n e s s  d i s t r i b u t i o n s  f o r  
a l l  s ix  l i t h i c  ty p e s .  The r e s u l t i n g  m a tr ic e s  and th ic k n e s s  p r o b a b i l i ty
d i s t r i b u t io n s  com prise th e  model which may be used as  a d e s c r ip t io n  o f 
th e  s t r a t ig r a p h y  e i t h e r  d i r e c t l y ,  such  as in  d e c is io n  o r  p r e d ic t io n  
p rob lem s, o r i n d i r e c t l y  th ro u g h  s im u la te d  v e r t i c a l  s e c t io n s .
The p r o b a b i l i s t i c  model was compared w ith  th e  m o d ified  cyclothem  
model which had p re v io u s ly  been  p roposed  as a  d e s c r ip t io n  o f  th e  s t r a t i g '  
raphy of t h i s  a r e a .  O v e ra ll  agreem ent betw een th e  two m odels was found 
to  be c lo se  in  a t  l e a s t  th e  Harlem U n it and d i f f e r e n t  p a r t s  o f  th e  two 
m odels w ere s im i la r  in  th e  o th e r  u n i t s .  At l e a s t  some o f th e  a p p a ren t 
d if f e r e n c e s  w ere p ro b ab ly  due to  d i f f e r e n t  g ro ss  l i t h o l o g i c  c l a s s i f i c a ­
t i o n s .  For exam ple, d i f f e r e n c e s  a r i s in g  from  " s i l t s "  and " in te rb e d d e d  
e l a s t i c s "  a re  p ro b ab ly  due to  th e  in c lu s io n  o f  b o th  o f th e s e  ty p es  in  
th e  s h a le  and sand zones o f  th e  Waage m odel.
Comparison w ith  th e  d e l t a i c  model o f P en n sy lv an ian  s e d im e n ta tio n  
showed th a t  th e  th re e  p a r t s  o f  th e  p r o b a b i l i s t i c  model d e s c r ib e d  th e  
r e l a t io n s h ip s  w ith in  th r e e  p a r t i a l l y  o v e r la p p in g  l a t e r a l  d iv is io n s  of 
th e  d e l t a i c  m odel. The nonm arine i s  e q u iv a le n t  to  th e  Upper F re e p o r t ,  
th e  in te rm e d ia te  to  th e  B rush C reek , and th e  m arine to  th e  Harlem . 
S im ulated  s e c t io n s  showed a p p a re n t agreem ent betw een th e  m odels w ith  
r e s p e c t  to  t r a n s i t i o n s ,  bed th ic k n e s s ,  and i n t e r v a l  th ic k n e s s .
A s o lu t io n  f o r  d r i l l i n g  d e c is io n  problem s was proposed  in  which 
th e  p r o b a b i l i ty  o f s u c c e ss  in  a d r i l l i n g  program  was c a lc u la te d .  The 
problem  was ex p ressed  in  te rm s of th ic k n e s s  which cou ld  be  eco nom ically  
•p e n e tra ted  in  s e a rc h  o f a t a r g e t . A method was ad ap ted  from  dynamic 
programming which r e l a t e s  th e  number o f t r a n s i t i o n s  to  th ic k n e s s  and 
to  th e  l i t h i c  ty p e  in  which d r i l l i n g  i s  commenced. The Markov Chain 
. model was th en  used  to  d e te rm in e  th e  p r o b a b i l i ty  o f e n c o u n te r in g  th e
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d e s ir e d  l i t h i c  type in  th e  number o f t r a n s i t i o n s  exp ec ted  w ith in  th e  
eco n o m ica lly  s p e c if ie d  th ic k n e s s  by means o f th e  m a tr ix  r e l a t i o n :
P* (C) P .(C ) +  P.'®"1 P (1 -  P - (C » t  I  n n - l  —  n -x___
The th ic k n e s s  p r o b a b i l i ty  d i s t r i b u t i o n  was th en  used  to  f in d  th e  p roba­
b i l i t y .  th a t  th e  d e s ire d  c o a l  would have th e  r e q u ire d  th ic k n e s s ,a n d  th e  
p ro d u c t of th e s e  two p r o b a b i l i t i e s  gave th e  t o t a l  p r o b a b i l i ty  f o r  su c c e ss .
I
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APPENDIX I
(a )  Chi sq u a re  t e s t s  f o r  d i f f e r e n c e s  among u n i t s
• T ra n s i t io n s
sh+ I .C .+ sh+ I .C .+ c+ i . e . c+ c+ sh+ c+ sh+
s i ss c s i ss c l s i +SS c l i . e . s s c l s i s s c l s i i . e .
c c c l c l c l sh sh sh s i s i s i i . e . i . e . i . e . s s s s s s
■ e  <0 
rH
N 19 4 21 15 5 3 10 9 18 12 8 14 - 13 l 5 4 3
J-4to
a
S 9 3 11 9 6 4 3 7 9 4 2 18 6 2 2 3 3
(0
4J
.fl .*5
0) <U
N 15 3 5 13 10 6 3 10 17 9 4 17 16 0 3 2 2
•H
G
t=>
3 0) 
U U 
CP u
S 2 2 2 9 12 0 1. 3 13 9 5 11 16 1 2 3 5
U 1
tl 11 4J
N 32 25 25 22 4 10 6 24 43 10 15 23 30 5 6 18 15
O. Q) MftH  o & Cm o. S 35 21 33 6 8 10 5 24 24 6
16 21 • 21 16 10 17 23
sh  s 
s i  = 
s s  .= 
c l  « 
c =
s h a le
s i l t
sand
c la y
c o a l
Comparisons w ith in  
s t r a t ig r a p h ic  u n it s
X2 = 1 8 5 .4 7 * *  w ith  80 d . f .
Harlem (N v s .  S ) : = 14 .71  w ith  16 d . f .
B rush Creek (N v s .. S ) : x^ = 2 1 .7 6  w ith  16 d . f .
U, F re e p o rt (N v s . S) : x^ w 2 8 .2 7 ” w ith  16 d . f .
T ra n s i t io n s
sh+ I .C .
s i  +SS
sh+ I .C . 
c s i  s s
c+ I .C .
c l  s i  +SS
c+
c l  I .C . s s
c+ sh+ 
c l  s i  s s
c+ sh+ 
c l  s i  I .C .
c c c l  c l  c l sh  sh sh s i  s i  s i I .C . I .C .  I .C . s s  s s  s s
U
ni
ts
Upper F ree ­
p o r t  N orth 32 25 
35 21
25 22 4 
33 6 8
10 6 24 
10 5 24
43 10 15 
24 6 16
23 30 5 
21 21 16
6 18 .1 5  
10 17 23
Upper F ree ­
p o r t  South
Comparisons 
w ith in  rows 
o f  t r a n ­
s i t i o n  
t a l l y  m a tr ix
2 . 
X * *47
1 d . f .
X2 = 11.44** 
2 d . f .
x f - . ; . 0 8
2 d . f .
x l  -  2-2.6
2 d . f .
y2 = 7 .44* 
2 d . f .
X? - 1 - 3 7
2 d . f .
X2 fc „ , = 28.27* w ith  16 d . f .  A t o t a l
Beds
c o a l c la y  s h a le  s i l t  I .C .  sand
U
ni
ts
Upper F ree ­
p o r t  N orth 57 51 . 40 68 58 39 
56 47 39 46 58 50
Upper F ree­
p o r t  South
Com parisons among row t o t a l s  o f  t r a n s i t i o n  m a tr ix  x = 5 .3 2  w ith  5 d . f .
-T ra n s i t io n s
sh+ I .C . 
s i  + ss
sh+ I .C . 
c s i  +SS
c+ I .C . 
c l  s i  +SS
c+ I .C . 
c l  s s
c+ sh+ 
c l  s i  s s
c+ sh+ 
c l  s i  I .C .
c c c l ' c l  c l sh  sh sh s i  s i  s i I .C .  I .C . I .C . s s  s s  s s
U
ni
ts
Harlem 28 7 
17 5
32 24 11 
7 22 22
7 13 16 
6 4 13
27 16 10 
30 18 9
32 19 3 
28 32 1
7 7 6 
5 5 7Brush Creek
Comparisons 
w ith in  rows 
o f  t r a n s i ­
t io n  m a tr ix
X2 = .06 X2 = 17.94** X2 = 2 .40 X2 -  .18 X2 = 4 .17 X2 = .50
1 d . f . 2 d . f . 2 d . f . 2 d . f . 2 d . f . 2 d . f .
X2 = 31.42* w ith  16 d . f .
Beds
c o a l c la y *shale s i l t  I .C . sand
0)
4-1
Harlem 35 67 36 53 54 20
• rl
5 Brush Creek 22 51 23 57 61 17
Comparisons among row t o t a l s  o f  t r a n s i t i o n  m a tr ix  • x = 6 .5 1  w ith  ,5 d . f .
S in ce  th e  Upper F re e p o rt U n it d i f f e r s  from  th e  Harlem and Brush Creek u n i t s  w ith  r e s p e c t  to  g eo g rap h ic  
h e te r o g e n e i ty ,  th e  rem ain ing  com parison betw een Upper F re e p o rt and Brush Creek p lu s  Harlem  w ith  16 d eg rees 
o f freedom  was n o t needed.
APPENDIX I
(b) K ru sk a l-W a llis  t e s t  fo r  d if f e r e n c e s  among u n it s  (adapted  from S ie g e l ,  
1956, p . 184-193)
tr
The K ru sk a l-W allis  a n a ly s is  o f  v a r ia n c e  by ranks i s  a t e s t  to  
determ ine w hether s e v e r a l  independent sam ples a re  from d i f f e r e n t  
p o p u la t io n s . The t e s t s  were used  in  t h i s  paper t o  d eterm ine i f  bed  
th ic k n e ss  fo r  each l i t h i c  type v a r ie d  among g eo g ra p h ic  or s t r a t ig r a p h ic  
u n i t s .
The example problem  shown h ere  i s  a t e s t  o f  th e h y p o th e s is  th a t  
th e r e  i s  no d if f e r e n c e  among' th e  u n it s  w ith  r e s p e c t  to  sa n d ston e  bed  
th ic k n e s s .  To keep th e  example r ea so n a b ly  s h o r t ,  o n ly  a p a r t o f  th e  
d ata  was in c lu d e d .
D ata:
Harlem North Brush Creek North Harlem South Brush Creek South
6 .0  . 5 .0  10 5 .5
1 8 .5  12 .6  2 2 .5  20 .5
7 .3  3 .2  2 .5  5 .0
1 0 .0  8 .5  7 .0
4 .5  3 .0
The f i r s t  s te p  in  th e  s o lu t io n  i s  th e a ssig n m en t o f  ranks to  th e  observed  
t h ic k n e s s e s .
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R anks:
Harlem North Brush Creek N orth H arlem  South Brush Creek
8 5 .5 12 .5 7
15 14 17 16
10 3 1 5.5
12 .5 11 9
4 2
49 .5 3 5 .5 30 .5 37.5
The s t a t i s t i c  "H" was then  c a lc u la te d  a s  fo llo w s :
k 2H = 12/N(N+1) Z R. / n .  -  3(N+1) 
v=l
w here k = number o f sam ples;
= number o f o b s e rv a tio n s  i n  th e  j t h  sam ple ; 
N = t o t a l  number o f  o b s e rv a t io n s ;
Rj = sum o f ran k s in  th e  j t h  sam ple .
H = 12/17(17+1) (4 9 .5 2/5 + 3 5 .5 2/5 + 3 0 .5 2/3 + 3 7 .5 2/4 )  -  3(17 1) 
= (12/306) (1403.74) -  54 = 1 .049  w ith  3 d . f .
Under th e  n u l l  h y p o th e s is  H fo llo w s  th e  c h i- s q u a re  d i s t r i b u t i o n  w ith  k -  1 
d e g ree s  o f freedom . In  t h i s  case  c h i-sq .u a re  a t  th e  .05 l e v e l  w ith  3 d . f .  
i s  7 .8 2 . T h e re fo re , th e  h y p o th e s is  t h a t  th e r e  i s  no .d if f e r e n c e  among 
u n i t s  i s  n o t r e je c te d .
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APPENDIX II
(a ) T e s ts  f o r  randomness
The fo llo w in g  t a l l y  m a tr ix  shows th e  o b se rv ed  t r a n s i t i o n s  in  th e  
Upper F re e p o rt U n it in  th e  so u th  p a r t  o f  th e  a r e a  o f s tu d y . C om pila tion
i
was accom plished  by com bining a l l  o f  th e  m a tr ic e s  fo r  t h i s  u n i t  which 
w ere form ed as ex p la in ed  i n  F ig u re  3.
O v erly in g  L i t h i c  Type
c o a l c lay s h a le s i l t i . e . sand T o ta l
0)p.
c o a l 0 8 24 11 10 11 64
H
d
•H
c la y 33 0 1 5 4 4 47
•H
s h a le 8 2 0 5 17 7 39
60c
•H
s i l t 10 14 5 0 6 16 51
£U
<0
I .C . 6 15 5 16 0 16 58
a
sand 1 9 4 13 23 0 50
The n u l l  h y p o th e s is  to  be t e s t e d  i s  t h a t  th e re  i s  no r e l a t io n s h ip  
betw een th e  u n d e rly in g  bed and th e  o v e r ly in g  bed  in  a l i t h i c  p a i r .
Thus th e  beds o v e rly in g  a s p e c i f i c  l i t h i c  ty p e  would be d i s t r i b u t e d  
a t  random and th e  expected  v a lu e s  would be  d e te rm in ed  by th e  number of 
beds a v a i la b le .  I f  th e  bed s  a re  d i s t r i b u t e d  a t  random th e  ex p ec ted  
p r o b a b i l i ty  o f f in d in g  a c la y  above a  c o a l w ould be th e  t o t a l  number 
o f  c la y  beds a v a i la b le  d iv id e d  by th e  t o t a l  humber o f a l l  beds w hich 
cou ld  o v e r l ie  c o a l .  I t  sh o u ld  b e  n o te d  th a t  t h i s  ex c lu d es  th e  t o t a l  
c o a ls  from  th e  c a lc u la t io n s .  Thus:
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E [P (co a l •+ c la y ) ]  = t o t a l  c l a y s / t o t a l  c la y s  + t o t a l  s h a le s  + t o t a l  •
s i l t s  + t o t a l  sands +  t o t a l  I .C .
= 47/47 + 39 + 51 + 50 + 58 = .192
The ex p ec ted  number o f c o a ls  o v e r la in  by c la y  would th e n  b e :
E [P (c o a l -*■ c la y ) ]  x t o t a l  c o a ls  = .192 x 64 = 12 .3  
The rem ain in g  ex p ec ted  v a lu e s  fo r  c o a l to  o th e r s  t r a n s i t i o n s  w ere c a lc u ­
la t e d  in  th e  same manner and a re  p re se n te d  below .
These e x p e c ted  v a lu e s  w ere then  compared w ith  th e  c o a l to  o th e r s  row o f
(b ) T e s ts  f o r  independence o f  su c c e ss iv e  t r a n s i t i o n s  •
The fo llo w in g  ta b le  was com piled by c o u n tin g  a l l  o th e r s  to  s i l t  to  
o th e r s  t r i p l e t s  as  shown in  F ig u re  3 fo r  th e  U pper F re e p o r t  U n it.
c o a l c la y  s h a le  s i l t  I .C .  sand
co a l 0 12 .3  10 .2  13 .3  15 .2  1 3 .1
th e  t a l l y  m a tr ix  by means o f  th e  c h i-sq u a re  goodness o f f i t  t e s t  as
fo llo w s  ( S ie g e l ,  1956, p . 4 2 -4 7 ).
(o b se rv ed  p a i r  freq u en cy  -  
e x p e c ted  p a i r  freq u en cy  ) = x w ith  4 d eg rees  o f  freedomc o a l ex p ec ted  p a i r  freq u en cy
(8 -  1 2 .3 ) 2 (24 -  1 0 .2 )2 (11 -  1 3 .3 ) 2
1 2 .3  10 .2  13 .3
(10 -  1 5 .2 ) 2 (11 -  1 3 .I ) 2
1 5 .2  13 .1
= 22 .69  w ith  4 d . f .
The rem ain in g  x v a lu e s  in  T able 3 w ere c a lc u la te d  in  th e  same m anner.2
L i th i c  Type O v erly in g  S i l t
c o a l c la y  s h a le  I .C .  sand
L
ith
ic
 
Ty
pe
 
U
nd
er
ly
in
g 
S
il
t c o a l
c la y
s h a le
I .C .
sand
1 2 1 10 6 
4 7 2 4 4 
2 1 * 0 2 5 
12 19 2 5 8 
15 10 2 3 9
A c h i- s q u a re  t e s t  was th en  used  to  t e s t  th e  n u l l  h y p o th e s is  th a t  
th e  o c c u rre n c e  o f a  s p e c i f i c  l i t h i c  ty p e  above th e  s i l t  i s  in d ep en d en t 
o f  th e  l i t h i c  ty p e  w hich o c c u rre d  below . To use  t h i s  t e s t  i t  was 
n e c e s s a ry  to  combine th e  c la y  and s h a le  rows and columns to  o b ta in  
ex p e c te d  v a lu e s  o f 5 o r g r e a te r  f o r  a t  l e a s t  20 p e rc e n t  o f  th e  c e l l s .  
T h is  gave th e  fo llo w in g  co n tin g en cy  t a b le :
c o a l
c la y  + 
s h a le I .C . sand
c o a l 1 3 10 6
c la y  + s h a le 6 10 6 9
i . e . 12 21 5 8
sand 15 12 3 9
2
X = 27.37** w ith  9 d eg rees  o f freedom
I n d iv id u a l com parisons w ere perform ed by d iv id in g  t h i s  t a b le  in t o  th e  
fo l lo w in g  co n tin g en cy  t a b le s .
c la y  +
c o a l  s h a le  I .C .  sand
c o a l
c la y  + s h a le
1 3 10 6 
6 10 6 6
2
X “ 6 .8 9  w ith  3 d eg rees  o f freedom
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c o a l
c la y  + 
s h a le I .C . sand
c o a l  + 
s h a le  + 
c la y
7 13 16 12
I .C . 12 21 5 8
sand 15 12 3 9
2
X = 18.82** w ith  6 d eg rees  o f freedom
S in ce  th e  second o f th e s e  t a b le s  i s  s i g n i f i c a n t ,  i t  was f u r t h e r  su b -
2
X = 2 . 8 5  w ith  
2 d e g re e s  o f freedom
X2 = 15 .68**  w ith  
A d e g re e s  o f  freedom
X2 = 15 .24*  w ith  2 
d e g re e s  o f  freedom
c o a l  + 
s h a le  + 
c la y I .C . sand
c o a l + 
s h a le  + 
c la y
20 16 15
I .C . 33 5 8
sand 27 3 9
c o a l  + 
s h a le  +
c la y  I .C .  sand
c o a l + 
sh a le +  
c la y
sand + 
I .C .
20 16 15 
60 8 17
d iv id e d  as shown below .
c o a l
c la y  +  
s h a le
c o a l  + 
S h a le  + 
c la y
7 13
I .C . 12 21
sand 15 12
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S im ila r  t e s t s  w ere perform ed as shown below f o r  o th e r  ro c k  ty p e s  
i n  u n i t s  where s u f f i c i e n t  d a ta  w ere a v a i la b le .
Harlem  U n i t :
C lay :
2
X = 7 . 3 3  w ith  3 d e g ree s  
o f freedom
S i l t :
2
X = 7 . 0 2  w ith  4 d eg rees  
o f  freedom
I . C . :
2
X = .9607 w ith  2 d eg rees  
o f  freedom
Brush Creek U n it:
2
X = 2 . 5 0  w ith  1 d eg ree  
o f freedom
C la y :
s h a le  I .C .  + 
+ s i l t  Sand
S h a le  + 
s i l t
I .C .  + 
sand
13 7 
8 12 .
s i l t  +  
c la y  sand
c o a l +
c la y 7 7
s h a le 5 2
s i l t  +
sand 11 . 10
c o a l + 
c la y I .C . sand
c o a l + 
c la y 14 6 4
s h a le 3 7 4
I .C .  + 
sand 16 5 5
c o a l s h a le s i l t I .C .  + 
sand
s h a le  + 
s i l t 20 3 9 2
I .C .  + 
sand 12 3 9 10
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S i l t :
c o a l  +  I .C . + 
c la y  sand
c la y  + 
s h a le
I .C . + 
sand
9 12 
21 16
I . C . :
2
X = 1 . 0 4  w ith  1 degree  
o f  freedom
c o a l  +
c la y  + s i l t  + 
s h a le  sand
c o a l + 
c la y
s h a le
s i l t
sand
9 9 
. 2 6 
8 11 
0 8
2
X = 6 . 7 7  w ith  3 d eg rees  
o f freedom
Upper F re e p o r t  U n i t : 
C oal:
C lay s i l t s h a le I .C . sand
c la y 12 10 19 12 11
s h a le 2 5 9 4 2
s i l t 2 6 14 8 7
I .C . 1 4 2 2 2
X = 8 .8 8  w ith  12 
d e g re e s  o f  freedom
C lay :
c o a l
s h a le  
+ s i l t
I .C .  + 
Sand
c o a l 10 3 5
s h a le  + 
s i l t 26 17 6
I . C .  + 
sand 24 14 9
2
X = 3 . 4 1  w ith  4 d eg rees  
o f  freedom
2X = 8 .20*  w ith  3 d eg rees  
o f freedom
I . C . :
o
X = 1 . 6 1  w ith  4 d eg rees  
o f  freedom
Sand:
2
X = 3 . 0 6  w ith  4 d eg rees  
o f  freedom
s
c o a l +  s h a le  + 
c la y  s i l t  I .C .
c o a l +  
c la y
s h a le  + 
s i l t
I .C .
4 10 14
7 21 17 
1 10 12
c o a l +  
c la y
s h a le  
+  s i l t sand
c o a l + 
c la y 8 15 4 ’
s h a le  +  
s i l t 17 21 8
sand 11 18 9
S h a le :
c o a l +
c la y  s i l t  I . C .  sand
c o a l + 
c la y
s i l t  + 
I .C .  + 
sand
13 6 26 9 
15 4 6 7
APPENDIX III
(a ) C a lc u la t io n  o f t r a n s i t i o n  m a tric e s
A t r a n s i t i o n  p r o b a b i l i ty  m a trix  was c a lc u la te d  from  th e  observed  
o r  " t a l l y ' '  m a tr ix  o f F ig u re  3 by o b ta in in g  th e  row sums and d iv id in g  
each  observed  freq u en cy  by i t s  co rrespond ing  row sum as  shown i n  th e  
fo llo w in g  exam ple, w hich u t i l i z e s  d a ta  from th e  Brush C reek U n it b e fo re  
t r a n s i t i o n  f re q u e n c ie s  in  th e  Upper F re ep o rt to  Brush C reek m a tr ix  have 
been  rem oved.
B rush Creek T a lly  M atrix
c o a l c la y sh a le s i l t I . C . sand T o ta l
c o a l 0 .0 0 .0 14 .0 3 .0 6 .0 1 .0 24
c la y 7 .0 0 .0 2 .0 20.0 18 .0 4 .0 51
s h a le 5 .0 1 .0 0 .0 4 .0 11 .0 2 .0 23
s i l t 7 .0 23 .0 1 .0 0 .0 1 8 .0 9 .0 58
I .C . 5 .0 2 3 .0 7 .0 24 .0 0 .0 1 .0 60
sand ! . ° 4 .0 , 0 .0 6 .0 7 .0 0 .0 18
D iv id in g  each c e l l  freq u en cy  by i t s  row t o t a l  r e s u l t s  i n  th e  t r a n s i t i o n  
m a tr ix  shown below .
B rush Creek T ra n s i t io n  M atrix
c o a l c la y s h a le s i l t I .C . sand
c o a l 0 .0 0 .0 0.5833 0.1250 0 .2500 • 0 .0417
c la y 0.1373 0 .0 0.0392 0.3922 0.3529 0 .0784
s h a le 0 .2174 0.0435 0 .0 0.1739 0 .4783 0 .0870
s i l t 0 .1207 0.3966 0.0172 0 .0 0 .3103 0 .1552
I . C . 0.0833 0 .3833 0.1167 0.4000 0 .0 0 .0167
sand 0.0556 0.2222 0 .0 0.3333 0 .3889 0 .0
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(b ) S im u la tio n  of a  v e r t i c a l  sequence
S tep  1 S e le c t  a s t a r t i n g  l i t h i c  ty p e . In  th e  s im u la te d  s e c t io n s
shown i n  F ig u re  5 c o a l  was s e le c te d .  I f  a  s e c t io n  w ere to  
b e  s im u la te d  from  w ith in  th e  Upper F re e p o r t  U n it i n t o  th e  
Harlem U nit a  c o a l i n  the Upper F re e p o rt U n it m igh t be 
s e le c te d  as  a s t a r t .
S tep  2 S e le c t  a random number betw een 0 and 1000 and from  th e
cu m u la tiv e  p r o b a b i l i t y  m a tr ix , Table 15 o r  1 6 , f in d  th e  
ran g e  i n  w hich th e  s e le c te d  number f a l l s .  T h is  ran g e  
in d ic a te s  th e  l i t h i c  type o v e r ly in g  th e  s t a r t i n g  ty p e .
Thus i f  one s t a r t s  i n  a c o a l in  the  Upper F re e p o r t  U n it 
i n  th e  so u th  p a r t  o f  th e  a re a  and s e l e c t s  th e  random 
number 626 th e  n e x t l i t h i c  type would be  an in te rb e d d e d
c l a s t i c  b ecau se  626 l i e s  betw een 579 and 738.
S tep  3 S e le c t  a  new random number betw een 0 and 1000 and from  th e
cu m u la tiv e  p r o b a b i l i t y  d i s t r i b u t i o n  f o r  th e  ro c k  ty p e  
s e le c te d  in  S tep  2 (see  T ab le  9) f in d  th e  ran g e  i n  w hich 
th e  new number f a l l s .  T h is range  s e l e c t s  th e  th ic k n e s s  
f o r  th e  p r e v io u s ly  s e le c te d  l i t h i c  ty p e . Thus i f  th e
number s e le c te d  i s  836, th e  th ic k n e s s  s e le c te d  i s  20 to
22 f e e t  o r ,  f o r  p l o t t i n g  p u rp o se s , 21 f e e t .
S tep  4 I f  th e  p r o b a b i l i ty  o f  o ccu rren c e  o f t h i s  t r a n s i t i o n  and
th ic k n e s s  i s  d e s i r e d ,  th e  p r o b a b i l i ty  o f th e  t r a n s i t i o n  
(se e  T ab le  7 o r  8) may be m u lt ip l ie d  by th e  p r o b a b i l i t y  
o f  th e  s e le c te d  th ic k n e s s .  Thus th e  p r o b a b i l i t y  o f  a  
c o a l b e in g  o v e r la in  by an in te rb e d d e d  e l a s t i c s  bed  21
f e e t  th ic k  i s  .159 x  .040 = ,006.
Table 15
T ran sition  p r o b a b ilit ie s  cumulated .by- rotes fo r  tEe. nprtE part o f tKe area
UPPER FREEPORT BRUSH CREEK HARLEM
Coal Clay,
(Cool
Clay]
Shala
Pilt,
t c .
Sand)
Shala
(Coal,
Clay.
Shala]
A
(LC,
Sand)
A I.C. Sand Coal.
1
Clay Shala Sift I .C Sand Coal Clay Shala sm i C Sand
Marina
Shala
Coal 0 .0 0 .1 1 7  0 .428 0 .0 0 .579 0 .0 0 .738 0.897 0 .0 0 .0 0 .931 0 .952 0 .993 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Cloy 0.490 0 .0 ' 0 .608 0 .0 0 .922 0 .0 C.980 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 c .c 0 .0 0 .0
a
oa.UlUlat
(Coo(,Clay)-*-$liala 0 .204 0 .241 0 .0  " 0 .0 0 .352 0 .0 0.833 1.000 O.TJ-----0 . 0 - 0 .0- 0 .0 0 .0 0 .0  ' 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
(Silt, l  C,Sond)-*-Shala 0 .3 4 4 0 .4 6 9 0 .0 0 .0 0 .594 0 .0 0 . 781 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
u .
at (Coal, Clay, Shota]-*-SiH 0 .137 0 .333 0 .0 0.392 0 .0 0 .0 0.706 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0Ula.o. (I. C , Sand]-*-Silt 0 .318 0 .659 0 .0 * 0.7C6 0 .0 u .o 0 .800 1.000 0 .0 --- '0 .0  —0 .0 o ;o 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 ' 0 .0  ' 0 .0  - 0 .0
X
I. C 0 .132 0 .380 0 .0 0 .512 0 .0 0 .875 0 .0 0 .959 0 .0 0 .967 0.975 0 .9 9 ? 0 .0  . 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Sand 0 .043 0 .174 0 .0 0 .250 0 .0 0 .5 7 6 0 .989 0 .0 0 .0 0 .0 0 .0 1.000 0 .0 0 .0 a .a 0 .1 0 .0 0 .0 0 .0 0 .0 0 .0
Coal 0 .0 0 .0  *0 .0  ~~ 0 .0 0 .0  " 0 .0  ' 0 .0 0 .0  " 0 .0  ~ o ;o*  • 0 .360 o ;o  • 0.0- 0 .0 0 .0 0 .0 0 .0  " ”0 .0  - 0 .0 — 0 .0  — 1.000
i tUlUlat
U
Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .137 0 .0 0 .176 0 .569 0.922 1.000 9 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Shala 0 .0  ' 0 .0 0 .0 0 .0 o .o ' 0 .0 0 .0 0 .0 0 .217 0.261 0 .0 0.435 0.913 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
X•>3 Silt 0 .0 0 .0 Oiff- * 0 .0 0 .0  ‘ 0 .0 0 .0  * 0 .0 O .I2 r  0.51-7 OV534" 0 .0 0 .845 1 .000 0 .0 0 .0 O .ff-
0 . 0 " O.D----TJ.TJ- ~o^u
Ka 1 C 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0.C89 0 .482 0 .589 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Sand 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .059 0 .294 0 .0 0.598 1.000 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0
Coal 0 .0 0 .0  - 0 .0  • 0 .0  ' 0 .0 0 . 0 ' o ;o  • 0 . 0 " o ; o ~ ' 0 .0 o ; c 0 ,0 0 .0 0 .0 0 .0 0 .053 0.421 0 .5 7 9 0.895 0 .9 4 7  T .000
Clay 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0.421 0 .0 0 .487 0 .763 0 .895 0 .934 1.000
*
Shala 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .100 0 .350 0 .0 0 .700 0 .950 1.000 0 .0
IU
mdat sm 0 .0 0 .0  ' 0 .0 0 .0  “ o .o * " 0 . 0  " 0 . 0  ' O.TJ • o ;u 0 . 0  • 0 . 0 0 . 0 0 . 0 0 . 0  ' 0 .053 0 .456 0 . 0 0 . 0 0 .789 0 .9 6 T 1 .0 0 0
<X 1. C 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 . 0 0 .6 1 4 0 .0 0 .947 0 .0 1 .000 0 .0
Sand 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .0 0 .350 0 .0 0 .700 1.C00 0 .0 0 .0
Marina Shala' 0 .0  ■ o ;o  ■u ;o ~ o n r ~ o ; o — 0 . 0 — O.Tr* o ;o — 0 .0 -O .ff- ■0 . 0 " o ; o ' 0 .0  ' 0 .0 0 .0 0 .043 0 .0 0 .522 C.870 i;o o o 0 .0
*1
o\
00
T able  16
T r a n s i t io n  p r o b a b i l i t i e s  cum ulated by rows f o r  th e  so u th  p a r t  o f  th e  a r e a .
UPPER FREEPORT BRUSH CREEK HARLEM
Cool Clay
(Cool.
clay)
Shala
(sm;
I.C .
Sand)
Shala
(Coal,
Cloy,.
Shala)
s tt
(LC,
Sand)
sit L C Sand Coal Cloy Shala Silt 1. c Sand Coal Clay Shala sm L C Sand
Marina
Shala
Coo! 0.0 0.117 0.*2S 0.0 0.579 0.0 0.738 0.897 0.0 0.0 0.931 0.952 0.993 1.000 0.0 O.o 0.0 o.c 0.0 O.C 0.0
t- Clay 0.702 0.0 0.723 0.0 0.830 oJo 0.915 1.000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 o.c 0.0ac
OSL. (Coal, Cl ay)-^ Shala 0.20* 0.2*1 0.0 " 0.0 " 07352 0.0 0.833 1.000 C70 070 0.0 • 070“
"070 0.0" 0.0 " 0.0 0.0 o.c 0.0 0.0 0.0
UJUlat (Silt, L Cv Sand)•♦■Shala 0.3** 0.*69 0.0 0.0 0.59* 0.0 0.781 1.000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 o.c 0.0 0.0u. 
ac (Cool, Clay, Shal#)^-Sih 0.137 0.333 0.0 0.392 0.0 0.0 0.706 1.00C o.c 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 o.c o.c o.c c.o
a.a.•3 (L C , Sand)♦■Silt" 073I8“0.659 0.0 07706 0.0" 070" ' 07800 T7000 0.0 0.0 0.0 0.0 ""0.0" "0.0 0.0 ' 0.0 ' 070 0.0 "
cr.o-' 07 a--' 070 ~
L C 0.099 0.3*7 0.0 0.430 0.0 0.69* 0.0 0.959 0.0 0.967 0.975 0.992 0.0 1.000 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Sand 0.0*3 0.17* 0.0 0.250 0.0 0.576 0.989 0.0 0.0 0.0 0.0 1.000 o.c 0.0 o.c 0.0 0.0 0.0 o.o C.o 0.0
Coal- "070— 079' " 070 - a. o"" 0.0 O.O- " 0.0"“ 070" 070" “ 070 "0.360 0.0“"0.0 " 0771' 0.0 ■ 0.0 0.0 " O.C"~O.O-" "0"70“ "' i.ana
K
Ul Cloy 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.137 0.0 0.176 0.569 0.922 I. 000 0.0 0.0 0.0 0.0 o.o 0.0 0.0
UIec
U Shala. 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.217 0.261 0.0 0.*35 0.913 1.000 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Xn3 Silt- "070-----070 - 070” •■0.0" - "07 0~ 970“"079-" 070" 07121 975I7"0753V o .o "0.845'
T7000 0.0 0.0 0.0 ' 070 0.0 'O.TJ---- 070" “
ata L C 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.C89 0.«82 0. 589 1.000 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
Sand 0.0 O.'O 0.0 0.0 0.0 0.0 0.0 0.0 0.C59 0.29* 0.0 0.58b 1.000 0.0 0.0 0.0 3.0 0.0 c.o 0.0 0.3
Coal- "070 0.0 0.0" 9.0 ' -"0.0----"070-----070“" 0.9 "07 0~ "070 070"" 070" "070 »r.o ■0.0 0.053 0.421 0.579 0.895 0.947 1.000
Cloy 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.421 0.0 0.487 0.763 C. 895 0.934 1.000
XUl Shala
S iif
0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 3.100
0.053'
0.350
0.456
O.C
0.0
0.700 C.950
C.78T
1.000
07965
0.0
1.000ac< 0.0 0.0 o .o - 070 970 0.0 0.0 0.0 970 0.0 0.0 0.0 "0.0 0.0
0.0
X 1. C 0.0 0.0 • 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 o.'o 0.0 0.0 0.614 0.0 0.947 0.0 1.003 0.0
. Sand 0.0 0.0 0.0 0.0 0.0 070 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.350 0.0 0.700 1.000 0.0 0.0
Marino Shala" rivo "o .o  - 0.0 070" 070—0.0 - 070 070 07 0“ 0.0 0.0 0.0 070 0..0 0.0 0.0*3 0.0 0.522 C.870 17000 079
o*\o
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R epeat s te p s  2 , 3 , and 4 by s t a r t i n g  each cy c le  w ith  th e  l i t h i c  ty p e  
p ic k e d  on th e  p re c e d in g  c y c le .
(c )  S o lu t io n  o f  th e  ex p ec ted  th ic k n e s s  problem  (ad ap ted  from  Howard, 
1960, pages 17 and 18)
When th e  Markov model o f  s e d im e n ta tio n  as p roposed  i n  t h i s  p ap e r 
p a s s e s  from  one l i t h i c  ty p e  to  a n o th e r  i t  adds to  th e  v e r t i c a l  sequence 
a  th ic k n e s s  of ro ck  w h ich , in  term s of Howard's m odel, may be  c o n s id e re d
a  " re w a rd ."  Thus th e  t r a n s i t i o n  from i  to  j  has  a s s o c ia te d  w ith  i t  b o th  
a  p r o b a b i l i t y  p ^ j  and a rew ard  r ^ , where r ^  i s  th e  th ic k n e s s  o f ro ck  
ty p e  j  w hich i s  added by th e  t r a n s i t i o n .
The problem  under c o n s id e ra t io n  i s  to  f in d  th e  number o f t r a n s i ­
t i o n s  (n) a s s o c ia te d  w ith  th e  a d d i t io n a l  th ic k n e s s  th ^ (n )  w here th ^ (n )  
i s  th e  t o t a l  th ic k n e s s  added i n  n t r a n s i t i o n s  when th e  s t a r t i n g  l i t h i c  
ty p e  i s  i .  Howard shows t h a t
th ( li)  = £ + P  x th (n  -  1)
A
w here th ( n )  i s  a  column v e c to r ,  P i s  th e  t r a n s i t i o n  p r o b a b i l i t y  m a tr ix ,  
and
n
q . -  Z
j = l i j  i j  ‘
In  th e  exam ple problem  th e  m edian bed th ic k n e ss  o f  each  l i t h i c  ty p e  was 
u t i l i z e d  as  th e  ex p ec ted  th ic k n e s s  added by a  t r a n s i t i o n .  T h e re fo re
*
R
1 .4 8 3 .93 7.56 10 .20
1 .4 8 3 .9 3 7 .56 10 .2 0
1 .4 8 3 .93 7.56 10 .20
1 .4 8 3 .93 7 .56 10 .20
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*
P =
S. =
.191 
.474 
_ .299
6 .7 0 ’
6 .76
5 .2 5
5 .7 0
.269
I
.132
.013
.688
.674
)
.688
.043
.135
.395
t h ( l )  = ^  + P x  t h ( n - l )  =
6 .7 0  
6 .76  
5 .25
5 .7 0
+ 0
6 .7 0 0 .269 .688 .043 6 .7 0 " l2 .3 7 6
6 .7 6 .191 0 .674 .135 6 .7 6 12 .348
th (2 )  = 5 .2 5 + .474 .132 0 .395 X . 5 .25 = 11.570
5 .7 0 .299 .013 .688 0 5 .7 0 11.403
T h ick n e sses  f o r  3 and 4 t r a n s i t i o n s  w ere c a lc u la te d  in  th e  same manner.*
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APPENDIX IV
i
Computer Program s
TRANSITION MATRIX CALCULATION 
The program  w i l l  c a lc u la te  a t r a n s i t i o n  m a tr ix  from t a l l y  m a tr ic e s  
o f  d im ensions up to  20 x 20, r a i s e  th e  t r a n s i t i o n  m a tr ix  to  any s p e c i ­
f ie d  pow er, and p r in t  th e  t a l l y  m a tr ix ,  t r a n s i t i o n  m a tr ix ,  cum ula tive  
t r a n s i t i o n  m a tr ix ,  and a l l  powers o f  th e  t r a n s i t i o n  m a tr ix .
P aram eter Card IU 
Col.
2 -4  Number o f t a l l y  m a tr ic e s  to  b e  ru n .
P aram eter Card It2
1-2 Dimension of t a l l y  m a tr ix  i n  12 fo rm a t.
3-22 V a ria b le  form at o f  a l i  o u tp u t ;
23-42 V a ria b le  form at o f  t a l l y  m a tr ix  in p u t .
4.3-45 Number o f i t e r a t i o n s  o f  t r a n s i t i o n  m a tr ix  d e s ir e d .
P aram eter Card #3
2-36 T i t l e  of t a l l y  m a tr ix .
37-72 T i t l e  o f  t r a n s i t i o n  m a tr ix .
P aram eter Card It4
37-72 T i t l e  o f  cum ula tive  t r a n s i t i o n  m a tr ix .
D ata deck
)
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rnkiPAM iv o u v r i  i .  muo i
0001
0002
OJOT
ano«»
0005
0005
0007
0001
0000
0010
0011
0 0 1 20011
0014
00150016 
0017 
0015 
0010 0020 
0021 0022 002 3
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034 
0015 OOJb
0037
0038
0039
0049
0050
0051 Of. 4 2 
00 53 
0054 
0065
0056
0057 
005H
0059
0060 
0061 
0 0 6 2  
0Jb3
0064
0065
0066
0067
0068
0069
0070
0071
0072
0073
0074
27
•31
12
9
10 11 
101
300
301
13
13?
14
'Khl:»LE PPI.C I SI ON P,9,P
ni«ENSI09H 2 1 , ? l l , P ( ? l , 2 l ) . 0 ( 2 l . 2 1 l . l U 2 l . 2 l )  .FMTI5) ,CFMT(5), 
lP*K(2l , 2n ,QWK{2l ,21) ,SUM(2 l )  ,TI  IL E U 9 I , II TLE2I9I,
2 TI.1LF4(9) ,PWKSI21,21I .PHXI21I
START COUNTER POP OATA SETS 
M*1
«FAI)(5,U1MN0
POP MAI 117,13) j
READ VARIABLE FORMAT !
PEAOI5.200IN,«FMT1 I ) ,  I = 1 . 5 1 ,  ( OFHT U  I • 1 = I • 5 1 ,L 
o EAO (5,300) I TITLF1II)' ,  1 = 1,91 , 1 TI T I.FZt 1 I ,  1= l i  9) '
RfAfM5,300> I TITLE 311 j ,1 = 1 ,9)  , IT |TLf4t  I 1,1 = 1,91 
PFAO IN nATA 
0 0 1 2 1 * 1 ,N
READI5,0FMTMTI I , J ) , J  = 1 ,NI 
CONTINUE
CALCULATION UF TRANSITION MATRIX 
oo i cui =i , n
SUM!11*0
0010 J* 1, N
SUM 111*SUM! I }f  T(I , J1 
n o i o u * i , N
P ( t f J I * T ( I , J I  /  SUM ( I I 
FGFMAT(9A4,9A4I 
FORMAT! IH1.9A4/ / / I
NR1TCI6,701I!TITLEI(I 1 , 1=1,91 3
WRITfl6,RMTI ( ( T ( I , J I , J  = 1,NI , I  = 1,N)
0U132I*1,N 
00132J* 1 ,N
P2K!1 ,JI=SNGLIPI I , J11 
WRITE! 6 , TCI I <TITLF21 I I , 1*1 ,91  
wRITE(6,FMTI((PhK(I ,JI ,  J = l , N ) , I  = l ,NI 
00 4071 = 1 ,N 
PWXI 11 = 0 
00407.1*l,N
•>HX( II=P»X( I l + PWK 11, J 1 
407 PViKSd , J I  = »WX( I I 
00405 1 = 1 , N 
.00405 J* 1 ,N
IF IPWKII ,J I I405 ,406,405 
P rtKSI I , J I =0 
CONTINUE
WRITE 1 6 , TO II IT ITLE4( I I ,  I =1,9 I 
WRITEI6,FHTM(PWKSU,JI , J=1,N 1 , 1 * 1 , Nl 
FORMAT ( 12 , 5A4,5A4, I 3,  2X >13)
ITERATION OF TRANSITION MATRIX 
001611*1,N 
P0161J=1,N 
R11»J ) = P ( I , J I  
CONTINUE 
N0=2
0011 IK=1 ,N
001111 = 1 , N . . .
011 ,10=0 
0011 IJ*1 »N
Oil  , lU=RII , J ) * P ( J ,K ) » O I 1 ,KI 
WRITE(6,23)N'3
FORMAT! IIU.28H ITERATION NUMBER , I 6 / / |
002111=1, N 
0021 IK* 1, N
OWKII,K| = SNGL( 011,KII 
MRITEIb.FMTKIOUKII ,R I , K=1 ,N1 , I = I ,NI 
002501=1,N 
00250J*1 ,N 
«*J
R ( I , J)=OI I ,KI  
NQ=NU, 1
IFIN0.LF.LIGUT019 
M=M+l
1FIM.LF.MN0IG0T03 
STOP
ENO............................
.406
405
200
16
161
19
20 21 
22 
i l l
23
211
24
25
250110
112
28
29
30
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CHI-SQUARE TEST FOR MARKOV PROPERTY
The program  w i l l  c a l c u la t e  a  t r a n s i t i o n  m a tr ix  from t a l l y  
m a tr ic e s  o f dim ensions up to  13 x 13, perform  a c h i- sq u a re  t e s t  on
each row, and p r in t  th e  t a l l y  m a tr ix ,  ex p ec ted  v a lu e  m a tr ix ,  and
2 ,X s .
P aram eter Card #1 
Col.
2-4  Number o f jo b s  to  b e  ru n .
P aram eter Card #2
1-2 Dimension o f t a l l y  m a tr ix  in  12 fo rm a t.
3-22 V a ria b le  fo rm at o f  t a l l y  and ex p ec ted  m a tr ix  o u tp u t.
23-42 V a ria b le  fo rm at o f  t a l l y  m a tr ix  in p u t .  .
P aram eter Card //3
.2 -36  T i t l e  o f t a l l y  m a tr ix .
37-72 T i t l e  of t r a n s i t i o n  m a tr ix .
P aram eter Card #4
2-36 T i t l e  o f e x p ec te d  m a tr ix .
D ata deck.
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SJCB WATFUR
1 CGUOLE PRECISION P,BEXP,EXPX
2 CIMNSIUNI11 3 , 1 3 ) , PI 13, m .F M I I S I . O F K I I S I ,
1PUKI1 3 ,1 31 ,SUM 113I.PXEI 1 3 , 13 1 , 0 1VI131,CH1113 ,131 , 
2AEXP(13, l>l ,Chl2t13I .EXPXI 1 3 , 13 1 ,BEXP 11 3 • 131, TITLEl 191 , 1 ITL£2(9 I , 
3T11LE3I9I .CEXPI13,13)
3 27 P*t
4 REACI5,31IPNC
5 31 FCRPATtIX,131
6 3 Rt AC 15,201) IN,I FMTI 11, I * 1 , 5 1, I0FH1I 11,1 *1,51 ,L
7 RCAC 15,303 KTlTLEl l  11, I > 1, 9 1 , 1T ITLE2 I I I  • I *1 ,9 1
8 RE AC 15 ,  300 II TITLE tl  11,1*1 ,9 )
9 6 CL 121=1,N
10 REACIbtUFMTHI ( l , J ) , J * l , N I
11 12 CONTINUE
12 7 CC101I*1, ' I
13 SUM 11=0
14 9 CC10J«1,N
13 10 SUMI)*SU.‘ t l )  + T ( t , J )
16 11 CC101J*l,N
17 101 PI l , J ) * T l l , J I / S U M | 11
18 300 FLRHAT|9A4,9A4I
19 301 FL'PRAT 1 IH1 , 9A 4 / / / 1
20 WKIT E16 » 30 111T ITIEK 11, I « l , 9 )
21 13 URITEI6,FM 1(1 TC I , J  l , J = l , N  1 , 1 - 1 , Nl
22 CC132IM.N
23 CU132J*l,N
24 132 pwki iT j i *sngli  PI I ,  J  11
25 WrtlTEI6,30l1 ITITLF2I I I , I > 1 , 9 )
26 14 WR IT El 6 ,  FM H 1 PWKI I« J I , J * 1 , N I ,  1*1,Nl
27 200 FURHATII2,5A4,5A4, 13)
C CALCULATION OF EXPECTEC MATRIX
28 CC7011*1,N
29 CIVI 11=0
30 CC202J* 1,N
31 202 c i v i  i i *sum( j  i + c i v i n
32 201 CIVI I)*CIVII)-SUHt II
33 CC203I*1,N
34 CC203J=1,N
35 PXEt I , J ) * 5 U M ( J ) / C i v m
36 IFII .EU. JIPXEI l , J )* C
37 203 eEXPII,JI*PXE( I,JI*SUMI II
38 CC5011*1,N
39 CC501 J* 1 ,N
40 501 CEXPII,J)*SNGLIBEXPI 1 , J 11
41 WRITE 16,3011 IT I T L E 3 I I ) , 1*1,91
42 WHITEI6.FMI KCEXPI I , J  l , J * l , N ) , I*1,NI
43 CALL CFISKIN*CF 1 ,CH.12, liEXP, T 1
44 28 P*M1
45 2V 1FIM.LE.MNOCUT03
46 30 STCP
47 • ENC
C SUERCUTINC CFI SCUARE
48 SUBROUTINE CF1SKIN,CFI,CFI2,BEXP,TI
49 CCUELE PRECISION UEXP
30 Cl PENS ION CH1(N,NI,CF12INI,0EXPIN,NI,TIN,NI
51 CC?14I*1,.N
52 J * l  -
53 219 IFIEEXPI I ,  J ) 1218,218,215
34 218 CH1I 1, J !*(’
55 GLTC220
66 215 CM 11, J I M  I I I I . J I -B EX P I  i , J  W«*2)/HEXPtf , J )
57 220 J*J«1
58 IFIJ.LE.NIG0TU219
59 W K IT E( 6 , 21 o ) tC F I I I , J ) , J * l ,N I
60 216 FORMAT1IX,14FCELL CFI SC < , 13F10.4)
61 CHI2111*0
62 Gu221J * 1,N
63 221 CHI211 l*CMt I ,  J HCFI2I  11
64 214 WKITEI6,217)CHI2(II
65 217 FLRPAT 1IX, 15HTQTAL CFI SQ * , F 1 C . 4 / / / / I
66 RETURN
67 ENC
SENTRY
KRUSKAL-WALLIS ONE-WAY ANALYSIS OF VARIANCE BY RANKS
The program  w i l l  c a lc u la te  H f o r  up to  50 sam ples and up to  
500 t o t a l  o b s e rv a t io n s .  H may be c o r re c te d  f o r  t i e s  i f  d e s ire d  
(see  p a ram e te r c a rd  2 ) .  .  i
i
P aram eter Card #1 j
Col.
2-6 Number o f jo b s  to  be ru n ,  r ig h t-h a n d  j u s t i f i e d .
P aram eter Card #2 .
2-5 T o ta l  number o f o b s e rv a t io n s ,  r ig h t-h a n d  j u s t i f i e d  (N)
6-9 Number o f sam p les , r ig h t-h a n d  j u s t i f i e d  ( k ) .
13 Punch 0 i f  c o r r e c t io n  f a c to r  fo r  t i e s  i s  to  be u sed ;
punch 1 i f  n o t .
P aram eter Card #3
2-21 Job  i d e n t i f i c a t i o n .
P aram eter Card #4
2-6 Number o f o b s e rv a t io n s  in  th e  f i r s t  sam ple (n ^ ) .
7-11  Numbeir o f o b s e rv a t io n s  in  th e  second sam ple
12-16 Number o f o b s e rv a t io n s  i n  th e  t h i r d  sam ple (n ^ ) •
D ata deck
<nk )
D ata i s  punched in  F10.4  fo rm at w ith  th e  decim al in  
column 7; one o b s e rv a t io n  p e r  c a rd .
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APPENDIX V 
T r a n s i t io n  D ata
Harlem
N orth  I
co a l c la y s h a le s i l t i . e . sand
c o a l 0 1 16 2 3 1
c la y 21 0 3 12 5 2
s h a le 0 3 0 10 7 1 2
s i l t 2 15 1 0 12 '* 8
i . e . 0 17 0 12 0 1
sand 0 5 0 4 3 0
South
co a l c la y s h a le s i l t i . e . sand
c o a l 0 0 8 1 3 0
c la y 11 0 3 6 5 1
s h a le 2 2 0 3 6 2
s i l t 1 8 1 0 7 2
i . e . 0 18 0 7 0 2
sand 0 2 0 3 3 0
79
Brush
N orth
Creek
c o a l c la y sh a le s i l t i . e . sand
c o a l 0 0 12 3 ♦ i1
0
c la y 5 0 2 11 8 ' 2
s h a le 5 1 0 3 9 „ 1
s i l t 3 14 1 0 9 4
i . e . 3 14 4 12 0 0
sand 1 2 0 2 2 0
South
c o a l c la y s h a le s i l t i . e . sand
c o a l 0 0 .2 0 .2 1
c la y 2 0 0 9 10 2
s h a le 0 0 0 1 2 1
s i l t 4 9 0 0 9 5
i . e . 2 9 3 13 . 0 1
sand 0 2 0 3 5 0
80
Upper F re e p o rt 
N orth
t
c o a l c la y sh a le s i l t i . e . sand
c o a l 0 9 21 11 13 12
c la y 25 0 6 16 3 1
s h a le 8 2 0 6 18 6
s i l t 21 22 2 0 10 15
i . e . 8 15 8 22 0 5
sand 3 3 3 15 15 p
South
c o a l c la y s h a le s i l t i . e . sand
c o a l 0 8 24 11 10 11
c la y 33 0 1 5 4 4
s h a le 8 2 0 5 17 7
s l i t 10 14 5 0 6 16
i . e . 6 15 5 16 0 16
sand 1 9 4 13 23 0
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